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Supplementary Material

Difference-in-differences with as few as two cross-sectional units
— A new perspective to the democracy-growth debate

oNOYTULT D WN =

Gilles Boevi Koumou Emmanuel Selorm Tsyawo

The supplementary material provides detailed proofs and extensions of the theoretical re-
sults presented in the main text. Specifically, Appendix S.1 contains proofs of all theoretical
results in the main text. Appendix S.2 generalises the baseline model in (3.2) to accommo-
date both stochastic and deterministic trends, and extends the two-unit framework to settings
with multiple treated units. Supporting lemmata and propositions referenced in the main text
are provided in Appendices S.3 and S.4, respectively. Further discussions on related literature,
pre-trends testing adapted to the baseline setting of this paper, and the empirical setting are
presented in Appendix S.5, while simulation results appear in Appendix S.6.

23 S.1 Proofs of main results

S.1.1 Proof of Proposition 1

Proposition 1. Let ¢(-) be some possibly unbounded function ¢ : [-T]U[T] = R and n > 1/2,
29 then untreated potential outcomes following (2.3) satisfy Assumption 1.

Proof:
The assumption Ele; | D =d] =0, d € {0,1} and (2.3) imply

34 E[Y:(0) | D =d] = ap + (o1 — ag)d + (1) + vo(t, d; ).

36 Thus,
37 E[Y:(0) = Y7(0) | D =d] = o(t) — ¢(7) + vo(t, d;n) — vo(7, d;n)

39 for any pair (7,t) € [=T] x [T], and

a1 E[Y;(0) ~ ¥;(0) | D = 1] ~ E[Yy(0) — ¥;(0) | D = 0] = (vo(t, 1:n) — vo(r. 1:n)) — (v0(t, 0:m) — ol 0:m))

= |1+ 0.5sin(t) [t + %|1 + 0.5sin(—7)|(=7)7".

N
N
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45 It then follows that

1 T T
o 7 2 O (El (0) | D =1] - E[Y;(0) - Y;(0) | D = 0])
49 T —7=1t=1

T
51 ;2|1+05sm t"+—2\1+05sm m)|(=m)".
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Since |14 0.5sin(t)| < (3/2)Vt > 1, then for n > 0,
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By the same token,

7 - - n__+ _
L > 14 0.5sin(—7)|(—7) 7" g§ U (1 )*T (=) n#l
T —7=1 2 T7 +T 110g(T)a n= 1

Since T~ 1og(T) = o(T~")V# < 1 and n > 1/2, it follows by the triangle inequality that
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T T
% Z Z (0) | D =1]-E[Y;(0)-Y;(0) | D=0]) = O((T/\T)*(l/%(ﬁ*l/?)))’ 0e(1/2,1).

—7=11t=1

Set v =7 — (1/2) and observe that v € (0,1/2), which implies v > 0. This completes the proof.
O

S.1.2 Proof of Theorem 1

Theorem 1. Let Assumptions 1 to 3 hold, then

——~—w,
(o) sup |ATT,r—ATT, |= O(n*(l/ﬁ"’“s)) and
{w.prew?
S—w) o~ w,¢
(b) sup JATT, —ATT, |= O(n_(l/%w\‘s)) uniformly in w € W, where the constants
{v,p}ew?
v >0 and § > 0 are defined in Assumptions 1 and 2, respectively.

Proof:
Part (a): Recall R, ; = E[Y;(0)—Y,(0) | D = 1]—E[Y;(0)—Y,(0) | D = 0] —E[Y;(1) = Y,(0) |
D = 1], then for any pair (7,t) € [-T] x [T,
ATT(t) =E[Y,(1) ~ ¥,(0) | D = 1]
=E[Y;(1) = Y7(0) | D = 1] = E[Y3(0) = Y7(0) | D = 1]
=E[Y:(1) = Y2(0) | D = 1] = E[Y;(0) = Y7(0) | D = 0]
~ (E[Y(0) = Y-(0) | D = 1] = E[Y(0) = Y-(0) | D = 0])
—E[Yy(1) — ¥, (1) | D = 1] ~ E[Y;(0) = Y;(0) | D = 0
— {E[Y;(0) = Y;(0) | D = 1] = E[Y;(0) = Y-(0) | D = 0] = E[Y;(1) — Y;(0) | D = 1]}
=E[Y1¢— Y1, —E[Yo. — Yo,]
— (E[Y;(0) — Y+(0) | D = 1] — E[Y;(0) — Y;(0) | D = 0] — E[Y,(1) — Y;(0) | D = 1))
=: ATTT,t - R7—7t. (Sll)
2
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The first equality follows by definition; the second subtracts and adds E[Y;(0) | D = 1]; the third
subtracts and adds E[Y;(0) — Y- (0) | D = 0]; the fourth subtracts and adds E[Y,(1) | D = 1];
the fifth uses the fact that treated potential outcomes are observed for the treated unit and
untreated potential outcomes are observed for the untreated unit; and the last line follows by
definition.

Since pre-treatment and post-treatment weights each sum to one by construction, it follows
from the above decomposition of ATT(t) that

T T T
ATT,r =Y wr(t)ATT(t) = ( > wT(_T)) > wr()ATT(t)
t=1 —7=1 t=1
T T T T
= > ) Ur(-nwr®ATT, = > > by (—m)wr(t) -

By the triangle inequality and Assumption 1,

T T
| > S wr(-rwr(®) (ENi©0) - Y-(0) | D = 1] = E[¥(0) = Y-(0) | D = 0] )|

—7=1t=1

(T sup mawa(t)> ('T sup max Yr(— ))

wew tE[T] peWw TE[-T]

< | Z Z( [¥i(0) = ¥;(0) | D = 1] = E[Yi(0) - Y;(0) | D = 0]

—7=11t=1

=0((T AT)~ /2,

In a similar vein,

‘ i Yr (=) (E[Y>(1) = Y-(0) | D = 1])‘ < (T sup max (- )‘ i ~Y:(0)| D= 1])‘

pew TE€(=T]

—7=1

O(T—(1/2+5 )

holds by Assumption 2. Thanks to the above and Assumption 3,

RV = Z wa R,y =0O((TA T)—(1/2+v)) + O(T~(1/2+9))

—7=1t=1

= O(n~ /297 ymiformly in {w,y} e W2 (S.1.2)
To see why (S.1.2) holds, note that

1 1
(T AT)A/247) T(1/2+6)
< 1 < 1
~ T A/24908) A T(A/247) ~ T (1/2491A8) A T(1/2+7N6)
1 (1/24+7A8) n=1 (1/24N6)
(77 (o)
< = (1/24778)

((T/\T) 1/2+7))+O(7~ 1/2+6))
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uniformly in n subject to Assumption 3.
Averaging both sides of (S.1.1) and applying the foregoing gives

T T T T
ZwT t)ATT(t Z Z (ATT,; — Z wa(—f)wT(t)R t

t=1 —T= —7=11t=1
— ATT, — R“V
= ATT 7; + O(n~ /219 (S.1.3)

—— w,
uniformly in {w, ¥} € W2. ATT, ~ is identified from the data sampling process. Identification
therefore holds modulo RY¥ = O(n~(1/2+7/9)),

Part (b): Fix w € W and observe that since pre-treatment weights must sum to one and
post-treatment weights must also sum to one,

Fﬂﬂ

ET: ET:W (DATT(t) = ( )ET: HATT(t

—7=1t=1 —7=1

MH

wr(t)ATT(t) =: ATT,, 1

t

1

,i.e., ATT,, 7 does not depend on 1 € W for 7 < —1. Thus, for any {1, ¢} € W2,

.
AT AT = 32 S wr(t) (W (—7) AT Ty — ATT(1) + ATT(t) — 67 (—7) ATT )

—7=1t=1
T T
=Y > vr(-m)wr(t)(ATT,, — ATT(t))
_T_T_ T
=Y > ér(—T)wr(t) (ATT,, — ATT(t))
- 7T
=Y > Ur(-nwr®Rey — Y > ¢r(-T)wr(t) Ry
—7=11t=1 —T=1t=1
=RY" — RY?.

The conclusion follows from the triangle inequality and (S.1.2) in Part (a) above.

S.1.3 Proof of Theorem 2

Theorem 2. Under Assumptions 1 to 7, s}, (mw,T —ATT, 1) 4 N(0,1) uniformly in W2.
Proof:

4
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Under the conditions of Theorem 1, (S.1.1), and (S.1.3),

T T
ATT,z = 30 S wr(=rwr(®) (B = Yig] - ElYo, = Yoo l) = 30 D or(-ruwr(t) R,

—r=11t=1 —T=1t=1

T T
wn(E[Xe] = Y by (—m)wr(t)Rry

T —

T
= Z wn () E[X¢] + O(n_(1/2+”%5))

uniformly in W2. In addition to (4.1),

T

ATT, 1 — ATT, 1 = > wa(t)(Xy = E[X,]) + O(n~1/2F779) (S.1.4)
t=—T
uniformly in W2. Further,
—_— T
Som(ATT = ATT, 1) = 55}, > wn(t)(Xy — B[Xy]) + O((Vnswn) ~'n~ 1)
t=—T

T
= Z Xt 4+ O(n=019)
t=—T

by Assumption 5 uniformly in W?2. The conclusion follows from Lemma S.3.2.

S.1.4 Proof of Corollary 1

Corollary 1. Suppose Assumptions 1 to 4, 6 and 7 hold for each of the J unique treated-
control pairs. Suppose further that Assumption 5-Ext holds, then (T}Sw,nTJ)’l/QTf](mw,.T -
1,ATT, r) 4 N(0,1) uniformly in W? for all t; € S”.
Proof: The following expansion follows from (S.1.4) uniformly in W?:
T
AT oz~ AT T r) = 37 wnlt)Ty (X — B[X.]) + O(n~(1/24729)
t=—T

where X, 1= (X14,..., X)) and X, j € [J] is the difference between the outcomes of the
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treated unit and the j’th control unit. Further,

(T&Sw’nTJ)_l/QT{](mw’.T — ]l]ATTw,T>

T
= (ySunT) 2 D wn ()T (Xp — E[X4]) + (07 SunTs) /2 x O(n=0"9))
t=—T
T
= (V)SunTs) % D wn ()T (X4 — E[X4]) + O(n~ ")
t=—T
since infS B nT;SwnTs =t Pmin(NSwn) > €2 by Assumption 5-Ext. The conclusion follows
TJE
similarly from the proof of Lemma S.3.2 and is therefore omitted. O

S.1.5 Proof of Proposition 2

Proposition 2. Under the assumptions of Corollary 1, h% := S; L 1;(15,5,1,1,)~" delivers the
most efficient estimator of ATT,, 7 among all hy; € H.

Proof: Counsider the classical minimum distance problem (4.2) (see, e.g., Wooldridge (2010,
Sect. 14.5)) with an arbitrary positive definite weight matrix H,. The solution is given by
Equation (4.2). Under the conditions of Corollary 1,

/\h‘] /\h‘] /\h‘] /\h.]
VIATT, 1] V3 (ATT 'y — ATT,, r) = (WV[ATT 7))~ Va(ATT, r — ATT,.r) % N(0,1)

/\h

where V{ATT,, 7] = (1, H,15) 21, HoSe n Hyly. Since Py i= Su/m Ho15(1, Hp S n Ho 1)1, H, S50
is idempotent,

1,801y — (1 Ho 1) (V) Hy Sen Hy 1)~ (15 Hy 1)

= ]]'TJ(SL:,]’;L - Hn]]-J(]]-f]HnSw,an]]-J)il]]-{]Hn)]]-J

= ]I{IS;,}II/QSL}I{’I%(SL:;L - Hn]lJ(]liIHnSw,an]lJ)_l]l{IHn)Sulu{sS;,z/g]lJ

= 1,821 - SY2H, 1,1, HySw o Hy 1)~ 1, Hy SY2) S, 21,

= |1 = Pn)S5 /%1,

From the foregoing,

(]1{]5;,”]1‘] - (lfJHn]lJ)(]lf]HnSw,an]lJ)_l(]lilH"]lJ))/n = H(I - Pn)(nsw,n)_1/2]lJ||2 > 0.

Thus, the optimal choice of H,, is S;}L, which yields the optimal linear combination h% :=
1
—— 95, 11 in H/. This proves the assertion as claimed. O
| ’
JPRw,nLJ

S.1.6 Proof of Theorem 3

Theorem 3. Let Assumptions 3 to 8 hold, then (a) under H,, @wm LN X% _1; (b) under H,,
and if FY & FY, @w,n 4, X% _1(0); and (c) under H, and if F¥ ¢ F¥, @w,n — 00 uniformly in
W2,
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Proof: Recalling h/;1; =1 for all h; € H, the following expansion holds:

ATT,. .1 — 1 ATT,, 1 = (ATT, v — 1,ATT, 1) — 1,(ATT,, 1 — ATT,r)

=
= (ATT,, .1 — 1,ATT, 1) — 1,h%(ATT,,.7 — 1, ATT,, 1)
=1, — 1L,hY)(ATT,.7 — 1, ATT,, 1)

[ — 11J(11JS;}L 2SS ATT o — 1, AT T, 1)
=[5,

— 1,158, 41,) 7 1,8, Y28, YA (ATT o — 1, AT T, )

UJ

where H’ > h% := A;’h]lj(lf]g;’hl‘])_l. Pre-multiplying the above by 5’;}/2, it follows that
SSYAATT o .r — L ATT,, ) = [I; — S5 4/21,(1,850,1,) 1,85 /2185 (AT Ty 1+ — 1,ATT, 1)
D (Ly — PSS Y2 (ATT r — 1,AT T, ).

Observe that P, = S5/?1,(1,8 only) 71 S.? is a projection matrix, thus I; — B, is
idempotent. Denote its probability limit, in view of Assumption 8 and the continuous map-
ping theorem, as: P, := 55,11/21](1&5;’%1])_1]].{]S‘;}n/2. Moreover, since rank[S5, 1/2]lj] =1,

rank([l; — ?n] = J — 1. Also, denoting Tn = A(;}l/ 23}/ 721, the following expansion follows from
(S.1.4):
~ —_— A~ ~ T o~ ~
S 2(ATT .0 — 1 AT T, r) = 1,853/ Y wn(t)(Xoy — E[X.]) + Ly (nSun) "/ *VnRop.
t=—T

Under Assumption 8, |[I, — I,|| £ 0. In addition to the conditions of Lemma S.3.2, the
continuous mapping theorem, and the Cramér-Wold device,

T

T.S512 ST wn(®) (X — E[X.]) S N(0,1).
t=—T

Part (a): Under H,, |[I,S54 *R%Y|| & 0 thus S5/ *(ATT,.r — 1;ATT, 1) % N(0,1,)
and the conclusion follows.

Part (b): Under H,,,

Tn(ngwm) 1/2\/>Rw’w (nSw n)” 12 R‘|\/>Rw’¢

where TJ \wa’d’H\wa’wH !, Under the condition that T# does not lie in the null space
of (nSyn) " Y2[1; — P)(nSu.0)"~ 1/2 as n — 0o, the conclusion for this part follows.

Part (c) Under H, and the condition that T does not lie in the null space of (ngwyn)’l/ 21—

P,)(nSy.n) Y2 as n — oo, ||[I; — Jgn](ngw,n)_l/%tﬂz IWVARYY|2 — 0o as n — oo,
O
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S.2 Extensions

S.2.1 Extension — Unit roots and high persistence

In spite of the relatively weak conditions, e.g., for identification (Assumptions 1 and 2), and
sampling (Assumptions 6 and 7) that are allowed under the baseline model, unit roots and
high persistence in X; can lead to a violation of the dominance condition in Assumption 4 and
therefore hamper inference using Theorem 2. To this end, this paper extends the baseline theory
to accommodate unit root processes and deterministic time trends.

S.2.1.1 Unit roots in X,

The incidence of unit-root non-stationary processes is quite common in economics. Consider
the simple linear model (3.2). X; becomes a unit-root process if 51 = 1 in U; = 1 X;—1 +&; and

—~—w,}
& is some white-noise process. In this first instance, i.e., X; = o +ATT: {t > 1}+ X1+ &,

—~—w,y
applying the first difference removes the unit root, namely, AX; = 5y + ATT: {t> 1} + &
where AX; := Xy — X;_1. Thus, handling unit roots in the T-DiD context is straightforward.

S.2.1.2 Persistence in X;

Economic time series data, e.g., GDP data, are often highly persistent. Very high |8;| < 1in
Uy = 1 Xi—1+ & can pose a problem for inference, especially in small samples. Thus, following,
e.g., Hansen (2021, Sect. 16.15) and Baillie et al. (2025), one may consider substituting in the
term U, into (3.2):

—w,
X =P+ ATT, 1{t>1}+ 1 Xi—1 + & (S.2.1)

ATT :’w in the above model is an average (contemporaneous) treatment effect on the treated.
Including the lagged X; in (S.2.1) ensures the resulting residuals are less serially correlated,
thereby improving the efficiency of the estimator (Baillie et al., 2025).

Quite importantly, the presence of auto-correlation also has ramifications from an iden-
tification perspective. Suppose the true data-generating process followed (S.2.1), then for

= Bo/(1 — B1) where |B1| < 1, X; can be written in the form

w1 — B Lo
X, = p+ BTN (X p_y — ) + ATT, (1 _gi) t>1)+ Y B,
s=—T
A (b) é;t

From the above, ignoring persistence in X; has consequences for identification; the probability
_61(1—ﬂ1T)) 1
T(1=p1) /1=p

—~—w,y
where the effective estimand ATT,,  is properly viewed as the average

T
1 ~ w7
limit of the estimator is the multiplier effect T g An(t) = ATT, (1
t=1

w,p 61

"l-p
contemporaneous effect of treatment over the post-treatment window (under the conditions of

AT L ATT

—~—w,y
Theorem 1) and the extra term ATT: I f 1ﬁ1 occurs via the dynamic propagation through

X¢_1. The resulting error term & = 22277—&{_553 is non-trivially serially correlated, with
implications for CLT-based inference and efficiency. For example, including moving average
terms to reduce the serial correlation increases the number of parameters to estimate and reduces

the precision of the ATT estimate.
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S.2.1.3 Serially Correlated Uy

Suppose that U; follows an MA(q) process, namely U, = Y ?_ 8,&;_. Ignoring this form
of temporal dependence in U; when estimating (3.2) does not lead to inconsistency of the
estimator. Moreover, HAC estimators of the standard errors are consistent, although there is
a loss in efficiency in not explicitly accounting for this dependence structure. In the context
of the SC or factor models, Gongalves and Ng (2024) demonstrates improved coverage rates
and reduced bias from controlling for lagged errors in imputing counterfactual outcomes under
stationarity conditions.

S.2.2 Extension — Deterministic time trend

Remark 2.1, for example, shows that common and possibly unbounded time trends get
differenced away in X; := Y7 ; — Yj+ and do not pose a problem for the asymptotic identification
and inference on ATT,, 7. However, if time trends differ between the treated and untreated units,
the T-DiD estimate captures these differing trends, which is undesirable from an identification
point of view. This subsection follows Li (2020) and Hamilton (1994, Chap. 16) in dealing with
deterministic time trends.

Consider the leading case of a deterministic trend in X; with U; = B1(t) +&; in (3.2) namely,

X:=Bo+ mz’d}l{t > 1} + But(t) + &
= th,’f’¢ + &
= x,I;\/2rl2pwe 1 g,
= XF,tB}U”;Lp +&

(S.2.2)

where #(t) == T+t +1, & = (1, 1{t > 1},#(t)), and Xp, := X,[,"/*. To simplify the
exposition, the following sampling assumption is imposed on & in (S.2.2).

Assumption 6-Ext. & in (5.2.2) is a square-integrable martingale difference sequence with
E[&|Fi—1] = 0 and E[E3|F;—1] = 02 > 0 where F;_1 := U(X_T, . ,Xt_l) denotes the natural
filtration.

T, 1/2 is a diagonal matrix such that

T

Z wn(t)XI/‘7tXI‘,t = Qﬁ,n + O(Tlil),
t=—T

and Q. is a positive-definite matrix under Assumption 3. For concreteness and ease of exposi-
tion, consider the uniform (regression) weighting scheme w(t) = T-11{t > 1} + 7 11{t < —1}.

1/2
n

The appropriate scaling matrix is Fi/ 2= diag(1,1,n) =: I';/°. The following is a linear repre-

sentation of the ordinary least squares estimator of ﬁ{:”;f in (S.2.2):
N ~ T -1 L
Bew =By = (0 alhXea) D Bal) X80

t=—T t=—T

Define Q(\,) := Qa(A\n) QB (A)Qa(N,) "t where
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3—2\,
2 1 (72 )

Qa(\y) = 1 1 (%) : (S.2.3)
(—3‘3&1) (2—;”) 1(2X2 = 5A, +4)
1

2_>\n
Qp(A\n) : =02 " W %( X ) , (S.2.4)
)\,
= H(Be) 2e-2w)
and o2 := V[&] under Assumption 6-Ext. Part (c) of Lemma S.3.3 shows that Qa(\), @p()),
and Q()) are positive-definite uniformly in A € [, 1 — €] C (0,1).2° Recall S is the space of

all J x 1 vectors with unit Euclidean norm. Let es := (0,1,0)" denote a standard basis vector,

5 = ||Qs(Mn)2e2|| 1 QB(An) 262, and Q(A\n)Y? == Qa(\n) 'Qp(Mn)'/2. The following
states an asymptotic normality result under deterministic time trends.

Theorem 4. Suppose Assumptions 1 to 3 and Assumption 6-Ext hold, then
(a)
Q) T AVn(BEY — B 5 N(0,1)

uniformly in t3 € S3, and

(b)

VAU(ATT 7 — ATT,, 1)
Q0w

= &QN\) " AVR(BEY — BEY) +o(1) S N(0,1)

as n — oo under the uniform weighting scheme.

See Appendix S.2.4 for proof.
For the general weighting scheme, one has

T
Z @n(t)Xf,t‘XF,t
t=—T
T @ (1) W (H)1{t > 1} wn (t)E(t)
=T,2 3 | O1{t> 1} @, (O)1{t > 1} @t )ll{t > 1}i(t) | T,/
Sl @i @)L > i) @ (0)i()?
2 1 ST @) (42)
- 1 1 ST @, (t )(t ”)

2

ZtT:_T wn (t) (E(yTt)) 23:1 ﬁn(t) (E%)> Zt——T w”( ) (5(7:))

where the constants in the above matrix follow from the requirement that weights for pre-
treatment and post-treatment periods each sum to one and #(t) := T +t + 1. Thus, generally,
the above matrix is well behaved; it is positive definite and all entries are bounded and bounded
away from zero under Assumption 3.2!

20 Also see Figure S.5.

2y, = (1,1{t > 1},#(t)/n) has full column rank, the entry £(¢)/n € (0,1] uniformly in #(-) € [n], and

10
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S.2.3 Multiple treated units

The index 7 is included in the subscripts for emphasis and to render the respective quantities
specific to a treated unit i € [I]. Define the I x 1 vector ATT, 1 := (ATT, 17,...,ATT,, 17),

the I'x1vector ATT,, .1 = (ATT, 17, ..., ATT, 17)’, and the I x I matrix S7, , := E[(A/ﬁﬂ:Tf
ATT, 7)(ATT,, .+ — ATT,, 7).

Corollary 2. Let Assumptions 1 to 4, 6 and 7 for each unique treated-control pair (i,j) such

that j € [J;] and i € [I] hold. In addition to Assumption 5-Ext, (a)

(5% 0) " NATT,, i — ATT,, 1) % N(0,1)

w,in

and (b)
(¥)8% o)~ (ATT,, » — ATT, 1) % N(0,1)

for all tr € ST uniformly in W2.

Proof. Part (a): The proof follows from that of Corollary 1 given the specific linear combination
in ATT,; = hi,/ AT T,z = (1,S;11,) 11, S, AT g, set Ty = hiy||h%, ||~
Part (b): The proof of this part is similar to Corollary 1 and is hence omitted. O

Remark S.2.1. Part (b) of Corollary 2 is based on efficient estimators of ATT, ;. This,
however, need not be the case. More general weighting schemes are admissible, including one

that simply selects a single control unit out of the set [J;| of valid controls for unit i.

S.2.4 Proof of Theorem 4

Theorem 4. Suppose Assumptions 1 to 8 and Assumption 6-Ext hold, then
(a)
_ ~w Sw,py d
QM) AV — Bry) < N(0,1)
uniformly in 13 € S3, and

(b)

VA(ATT 7 — ATT, 1)
e5Q(An)e2

= Q) Y2VnBEY — BEY) + o(1) L N(0,1)

as n — oo under the uniform weighting scheme.

Proof:

ST cua{t< -1} =T ;@ (0)1{t>1} = 1.
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Part (a): Under the conditions of Lemma S.3.3, the continuous mapping theorem and the
continuity of the inverse at a non-singular matrix,

N - T ~1 T
VALY =B = (X0 B ds) Vi DD B0
t=—T

t=—T

T
)"'Vn Z @n(t)Xll“,tgt +0p(n71).
t=—T
Thus, under the conditions of Lemma S.3.3,
V]TRBEy — Bl)| = %R0t + 0.

The rest of the proof is conducted in the following steps.

First, the scalar-valued random variable T; := \/nt3w,, (t) A} ,&; constitutes a square-integrable
martingale difference sequence under Assumption 6-Ext since the following hold: (1) E[Y;|Fy —1] =
0 where Fr; = o({Yy,t’ <t}) is the natural filtration and (2)

O'%,t = ]E[Tﬂft_l] = ngan(t)2TéXf7tXF7tT3

= 10| ()X, 73|

1
< ”U?WHXFJHQ
1 -
= W?WH(L 1{t > 1}, 1(t)/n)|]?
1
2
< dno T2AT?
1 1
=302 =: cgr’n

Observe that ¢ ,, does not vary with ¢. First, the above implies {Y7/c% ,,} is uniformly inte-
grable.
Second, define

T

T
Fn= > B =102 3 (|G, ()X 7)1 = [|Q5 (M) /2152 + O(n Y.
t=—T t=—T

From the above, the lower bound can be characterised as
T

1
2 _ 2 ~ 2 2
S, = N0 t;T|\wn(t)XF,tT3|| 2 Usm Z | m

Thus,

2 2 2

A (1=A)2VA L= A VA2 1—ey2

; " <3 n_3 3 00
b%pns%’n— (T=M)2 AN ( /\)\n) < ( ) <

under Assumption 3.
Taken together, it follows from Davidson (2021, Theorem 25.4) that conditions 25.3(a) and
25.3(b) of Davidson (2021, Theorem 25.3) are satisfied for Y,; := Y¢/sy,. It follows from
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Davidson (2021, Theorem 25.3) that ZtT=_T Yoo L N(0,1) as n — oo under Assumption 3.
Noticing that S* > T3 := ||QB (M) ?13]| 7 QB (M) /213, for 15 € S,

T
Q) TAR(BEY = BEY) = TQ(A) T 2QaN) TR D ()X &+ Oy(nh)
t=—T

= HQ) Qa0 Q)2 (@A) VAV DT Ba()X ) + Op(n )
t=—T

Z:Q(An)l/z

T
=TQp(\) AV Y W (D)X E + Op(n?)
t=—T

T
= lQe(A) 2|7 eV Y W (D)X, + Op(n )
t=—T
T
= 3" Tt +0p(n7H) L N(0,1).
t=—T
(S.2.5)

Part (b): Noticing that S® 3 & := ||Q5(A\.)"2%ea|| Q5 (M) 2es, for (0,1,0) =: ey € S?,
it follows from (S.2.5) that

T
QM) TAVR(BEY = BEY) = 11QB(A) 2ea| | Tebvn > W (t) XL &+ Op(nY)
t=—T

V(AT T p — ATTE)

eIQQ()‘n)e2
B \/E(A/ﬁjwy]‘ — ATTwyT) \/ﬁR%’d)
esQ(An)e2 esQ(An)ea
ATT, 1 — ATT,
_ \/ﬁ( / T ,T) + 0(1)
eQQ()‘n)GZ

The last equality follows from the conditions of Theorem 1 and the continuous mapping theorem.
Thus, invoking part (a) above,

VA(ATT , 7 — ATT,, 1)
G/QQ()\n)e2

= SQMa) T VARBEY — BEY) +o(1) L N(0,1),

and this proves the assertion as claimed. O

S.3 Supporting Lemmata

||Xnt| |T

< 1 uniformly in (n,t) and W?
Cnt

Lemma S.3.1. Suppose Assumptions 3 to 5 hold, then

where r > 2.

13
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Proof.

o (®)(X: — EX D], = wr®lI X, — EX 1t > 1} + 7 (~0)1 X, — EX|l 1t < —1}

= wr()[[(Y1e = Yo,)) = E[(Y1,e = Yo)l|ln 1{t = 1} + 7 (=)[[(Y1,e — Yo.r) — E[(Y1,e — Yo)]l |- 1{t < -1}

< Clwr(t)1{t = 1} + gy (—t)1{t < —1})

< 1I{t>1
<3 5;1%{T12%¢T(t)} {t>1}+

(L= A gew {ngﬁ% br(-n) 1t < -1}

-1
<n.

The first inequality follows from Assumption 4. The last line uses the definition of W in (2.2)

and Assumption 3. It follows from the above and Assumption 5 that

I Xnellr _ [lwon(®)(Xe = EIXDIr 1 1 1 1 _1

Cnt Swn(Ont V Sw.n) VNSwn (Vo V /nswn) ~ evnon Ve2  e/nop €2 T €2

uniformly in (n,t) and W2 O

T
Lemma S.3.2. Suppose Assumptions 3 to 7 hold, then Z Xt 4, N(0,1) uniformly in W2,
t=—T

Proof. The proof proceeds by the following steps.

(a)
T T
H > x|, =2k X wn(t)(Xt—E[Xt])HQZ 1.
t=—T t=—T
(b) By Lemma S.3.1,
|~ || 51
Cpt llr Untvsw,n T

Xnt . . :

uniformly in (n,t) and W2 hence, = is L,-bounded uniformly in (n,¢) and W2 under As-
Cnt

sumptions 3 to 5.

dut 7 [ Xntll2

(¢) The conditions of Lemma S.3.1 imply < 1 uniformly in (n,t) and W2

Cnt - Ont vV Sw,n
Steps (a)-(c) above and Assumptions 6 and 7 verify the conditions of Davidson (2021, The-
orem 25.12) thus Y./_ - X, 2 N(0,1) uniformly in W2 as claimed. O

Lemma S.3.3. Fiz w,(t) = T '1{t > 1} + T '1{t < —1}, i.e., the uniform regression
weighting scheme, then under Assumption 3 and Assumption 6-Ext,

(a)

T

Z w(t)Xll“,tXF,t =Qa(\n) + O(n_l);
=T
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(b)

V[\f Z wn Xr tgt = QB()‘n> + O(n_l)

t=

where the expressions of Qa(Ay) and Qp(\,) are given in (S.2.3) and (S.2.4), respectively; and

(c) Qa(N), Qp(N\), and Q(\) == Qa(N)'Qr(N\)QA(N)"! are (each) positive definite uni-
formly in A € [e, 1 —¢] C (0,1).

Proof. Part (a)
As pre- and post-treatment weights must sum to one, one has, using the uniform regression

weighting scheme w,,(t) = T711{t > 1} + T '1{t < —1} that,

- p Wy (t) Wy (t)1{t > 1} W (t)E(t)
ST XX = > @ ()1{t > 1} @ ()1{t > 1} @, (8)1{t > 1}(t)
=7 T @i w1z 10 @i
2 1 1+ n(3*§An)
- 1 1 Ln(2n)
L+ n(32) 4 4n(250) G
where
Chn = & (2((2/\n — D)1= X))+ 1)n® +3((1— X)) (2A, — 1) + Dn + 2>m)

which is well-defined for A,, > 0 thanks to Assumption 3.

The non-trivial entries of the above matrix are computed in the following steps. First,

T n

S @Ot ) = 71 3 b= e (T4 14n) = o (T +14m) = 5 +nf

t=—T t=T+1

2—2)\,1).

Second,

n

>, a0 =75 et 3

t=T+1

1 32,
(T+1)+§(T+1+n)=1+n( : )
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Third,
T 1 T 1 n
> wa(t)i(t)? = 7 > o+ T Yo
t=—T t=1 t=T+1
1 T 1 n T
=7yt -0
t=1 t=1 t=1

= %(én(n +1)(2n + 1)) + <7l_ - %) (%7‘(7‘+ 1)(2T + 1))
2 % (2((2% — D= A2+ )02 +3((1 = A)(2An — 1) + Dn + 2/\n)

= qA,n'

Next, fix F;,ln/z = diag(1,1,n~ 1), then,

T > ()
> w(t)AY Ay = 1 1 (%) +0(n™)
=7 (322) (Z») SR -5 +9)

Part (b)

Now consider
T ~
T Zt:—’rwn(t)gt

S WML E = | ST @, ()1{t > 1}
=T ST @) E®) /)€,
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Under Assumption 6-Ext on &,

T

Vivn Z Wy (1) Xy €4 |=02n Z W (1) ATt

Wy (t)? W, (4)?1{t > 1} Wy (t

)
=o’n Z Tp()21{t > 1} @ ()21{t > 1} @, (0)21{t > 1}i(t)/n

Wa()%1(t) /W (0)?L{t > 1}E(t) /0 @a(t)?(E(t)/n
X (11 ) n ﬁ

The entries of the above matrix are computed in the following steps.

First,
- d n 1
nan ]l{t>1}* Zl{tzl}:fzx'
2y
Second,
nZT:z’ﬁ(t)z—n ZT:JL{t< 1)+ 2 ZT:]l{t>1} A !
()= st B R W W
t=—T T t=—T T t=—T T T /\n(l )\n)
Third,
T T
n Z Wy ()14t > 1H(t) /= Y @, (t)*1{t > 1}E(2)
t=—T
1 n
=72 Z t= 2T(T+1—|—n)
t=T+1
_ 1( — )‘n) 1
3 A Zan
12— )
2, o

thanks to Assumption 3.
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Fourth,

T
noY W () =) Wt == ZH— Z t
tsz

t=T+1

2T(7'+1)+—(T+1+n)

5 (135 +on(is )

- 3(1 42 ;3”) +Om™Y)

thanks to Assumption 3.
Fifth,

Il
SHN
—
3=
7

(V]

+
3=
N

o
~—

s ) (T(T 4+ D)2T + 1))

)(2(1 — )P0+ 3(1 = A)?n2 + (1= An)n)

Ann? AL = An)?n?

22 1 /3 1 2\, — 1 31—X\)% 1=\,
—E+E(2/\n—1)(1—/\rL)+E(ﬁ+ﬁ)+(A%(l—)\nﬁ)( n * n2)
2

= T?(l + (20— D1 - A\)) +0(n™h

v

:)\—(3—2)\n)+0( )

All the above entries are well-defined thanks to Assumption 3.

Part (c)
Let
3—2)
i 1 (=) Arzpa(V) Avas(V)
Q= 1 () 17 Lty Ay
1:2,3 3,3
(32) (32) sev-sn+y
1
where Aq:21.2(A) = is the 2 x 2 leading principal sub-matrix. The eigenvalues of

1 1
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A1:21:2(N) are ((3 ++/5)/2, (3 — \/5)/2)/, thus Aj.21:2(A) is positive definite uniformly in A €

[e, 1 — ¢]. Further, consider the Schur complement of Aj.21.2(A) in @Q4()), namely

SCa(A) 1 = A33(A\) — A12,3(\) AL 1.0(A)Ar2,3(A)
2N -5A+4)  222-6M+5

3 4

1
_ 1 —
(A 2) + 24

| =

Over the open interval (0,1), SC4()) is a parabola, convex with a global minimum at \* = 1/2
which equals SC4(1/2) = 1/24 > 0. It follows from the above and Bernstein (2009, Proposition
8.2.4(v)) that Q4(X) is positive definite uniformly in X € [¢,1 — €], € € (0,1/2].

Next, consider

SosW=] 1 1 N

Y
1 B 932y
and notice that since 02 > 0, Qp(\) is positive definite in X € [¢,1 — ¢] if and only if %QB()\)
is positive definite.

Let Bi.x,1:x(A) denote the upper-left k x k sub-matrix of %QB()\). det (Bl 1()\)) = ﬁ >

y > 0 for all A € [e,1 —¢]. det(Br:2,1:2(\)) = 1= )\ —-1> —1= 5 > 0. This confirms

(1 € (1 €)

Bi:2.1:2(\) is positive definite uniformly in A € [¢,1 — €] by Sylvester’s criterion. Compute the

(16

Schur complement of Bj.21.2(A) in >z 2 Qp(\):

SCp(A) : = B3 3()) — 31:2,3()\)1335,1;2()\)31:2,30\)
— 93— 20) — (1— (3/4)))
=471(20 — 13))

SCp(A) > 4747 + 13¢) > 0 uniformly in A € [¢,1 — ¢]. Again, invoking Bernstein (2009,
Proposition 8.2.4(v)), it follows from the above that Qp(\) is positive definite uniformly in
Aele,1—¢, e€(0,1/2].

Lastly, observe that for all T € S?, "Q(\)T = 1Q4(N) QN Qa(N) "It = TQr(N)T =
\|Q]13/2()\)’?|| > 0 since T := Q4(\)~1t # 0 by the positive definiteness of Q4 (\) and Qp(\)
uniformly in A € [¢, 1 — €] from the foregoing.

This completes the proof for this part. Figure S.5 illustrates the result using plots of the
minimum eigenvalues of Q4(\), @p(\) and Q(X), respectively, as a function of A € [ey, 1 —

6,\], €N = 10,
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Figure S.5: Minimum Eigenvalues of Q4()), @p(A), and Q(\).

ol Qe(N))
Prin(Qe(A))

P

(a) Qa(N) (b) @B(}) (c) @A)

Notes: The continuous lines plot the minimum eigenvalue of the respective 3 x 3 matrices as a function of

X € [ex, 1 —€y], ex = 1075, The horizontal dashed line in the first plot corresponds to zero.

O
S.4 Useful Propositions
S.4.1 T-DiD as a least-squares estimator
Proposition 3. The vector of minimisers of the least squares criterion
T
Swm(Bo, B) = Y Wn(t)(X; — fo — BI{t > 1})°
t=—T
is given by (B\o, E)’ = argmin Sy (8o, B) where B= ZT\T%T.
(Bo,B)’
Proof. The first order conditions with respect to 8y and B are given by
8S n(Bo, B) 4 SO
e 02— 9 > @ (t)(Xy — By — B1{t > 1}) = 0; and (S.4.1)
9o t=—T
aSﬁ).n B\ 7§ 4 ~ ~ ~
é;” t= =2 ) @, () 1{t > 1}(X, — Bo — B1{t > 1}) = 0. (S.4.2)

t=—T

Since Y1 ;@ (H)1{t < —1} =31 S @,(t)1{t > 1} = Land 3,_ . @,(t) = 2 by definition,
it follows from (S.4.1) that

T

Bo = %( 3" Balt)X, _E)

t=—T
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which, substituted into (S.4.2), gives

T T
B=2) @,(0)1{t>1}X,— Y @.(t)X,
t=—T t=—T
T T
=2 > @ (t)1{t > 13X, — Y @) (1{t < -1} + 1{t > 1}) X,
t;fT t;*T
= Y @Ot > 13X~ > @ (t)1{t < -1} X,
t?—T . t=—T -
=> wrt)X; — Y Y(-7) Xy = ATT 1
by (3.1). O

S.4.2 Deriving the T-DiD from SC-type arguments

Let ?1’,5(0), t € [=T]U[T] denote the synthetic control. Then for the demeaned convex-
weighted SC with a single control unit, the SC weight is trivially one:

T T
~ 1 1
(YLT(O) T Z Yl,'r/) =1 x (YOJ -7 Z Y077/> whence
—7'=1 BT —7/=1
- 1 & -
Vir0)=% 3 (Vi —Yor)+ 1 xYor =07 +brYo,
=1 ~

br

for each 7 € [-T].

Using the above to recover untreated potential outcomes of the treated unit in the post-
treatment period, one has for each t € [T, ¥1,+(0) = a7 +b7Yy,. Thus, an estimator of ATT,,
can be expressed as

s T R T 1 T
ATT, =Y wr(t)(Y14(1) = Y1,4(0)) =Y wr(t) (Y14 — You) — = > (Vi —Yor).
t=1 t=1

—7/=1

5 —
From the expression of the T-DiD in (3.1), ATT,, 1 is a special case of ATT, v with uniform
weighting in pre-treatment periods, i.e., Y7 (—7) =1/7.

S.5 Discussions

S.5.1 Further discussion of the literature

The canonical DiD derives identifying variation from pooled cross-sectional units. It is one
of the most commonly used econometric methods for estimating the causal effects of policy
interventions in various social sciences, including economics and political science. For example,
Giavazzi and Tabellini (2005), Persson (2005), Persson and Tabellini (2006), Papaioannou and
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Siourounis (2008) and Persson and Tabellini (2009) use more or less the canonical DiD (C-
DiD hereafter) to estimate the effect of democracy on economic growth. However, the C-DiD
and its refinements, e.g., Ferman and Pinto (2019), Callaway and Sant’Anna (2021), Chan
and Kwok (2021), Bellégo, Benatia, and Dortet-Bernadet (2024), Galindo-Silva, Some, and
Tchuente (2018), and Picchetti, Pinto, and Shinoki (2024) are unsuited for fixed-N large-T'
settings (such as the one under consideration in this paper) where there may be temporal
dependence, unit roots, deterministic trends, or cross-sectional dependence between units arising
from, e.g., business cycles, persistent series, and correlated shocks.

Pooled regression analyses often rule out such cross-sectional dependence, which is common
in fixed-N large-T settings. For example, it is plausible that common waves of democratisation
or de-democratisation affect multiple countries, thereby inducing cross-sectional dependence.
Consider, for instance, the wave of democratisation in West Africa in the early 1990s and the
Arab Spring uprisings of the early 2010s. Estimating ATT parameters using two-way fixed
effects models faces challenges similar to those in pooled regression analyses, where significant
heterogeneity in treatment effects is often masked. For these reasons, the literature largely
turns to Synthetic Control (SC) methods in such settings — see e.g., Abadie and Gardeazabal
(2003), Abadie, Diamond, and Hainmueller (2010), Xu (2017), Abadie (2021), Ferman and Pinto
(2021), and Sun, Ben-Michael, and Feller (2023). SC formalises case studies, and it is adapted
to exploiting the temporal variation in the data to estimate treatment effects.

There are, however, documented impediments to using the SC from a practical perspective.
The SC requires a donor pool of multiple control units. For example, bias from the pre-treatment
fit when the number of control units is fixed may not shrink to zero as the number of pre-
treatment periods increases (Ferman and Pinto, 2021). Additionally, the survey in Appendix A
of Lei and Sudijono (2024) indicates that unit-level placebo inference, which several SC methods
use for inference and robustness checks, may be impractical at small nominal levels — see also
Fry (2024). In fact, the power of such tests is increasing in the number of selected control
units, whereas the smallest attainable p-value is decreasing in the number of selected controls.
Per-period treatment effects on the treated unit, which are typical target SC estimands, are
not consistently estimable under fixed-N settings. Consequently, the resulting confidence or
predictive intervals can be wide and uninformative (Chernozhukov, Wuthrich, and Zhu, 2024).
Further, a good pre-treatment fit of the treated unit may not carry over to control units in the
donor pool thus complicating the use of permutation methods for SC-based inference (Abadie,
2021). The setting of Li (2020), namely several pre- and post-treatment periods with a fixed
number of units is close to the one under consideration in this paper. There are important
differences to highlight, however. (1) Li (2020) uses the SC framework and inference therein is
sub-sampling-based and non-standard, whereas the T-DiD is asymptotically normal. (2) The Li
(2020) model requires multiple (albeit a finite number of) controls for the pre-treatment fitting
procedure to be meaningful while the baseline (building block) of the proposed T-DiD requires
only one control unit. (3) Li (2020, Assumption 1) imposes stationarity, while it is not required
in the current paper.

There are drawbacks to using the SC from an econometric viewpoint. (1) The SC requires
a perfect pre-treatment fit, which is often hard to achieve or verify, especially when (potential)
outcomes are non-stationary. Inadequate pre-treatment fit, which is more common with longer
time series, can introduce bias (Ferman and Pinto, 2021; Ben-Michael, Feller, and Rothstein,
2021). When the pre-treatment fit is good, it may be attributable to non-stationary common
shocks or time trends — see, e.g., Ferman and Pinto (2021, p. 1216). (2) SC methods draw
on cross-sectional dependence typically modelled via linear factor models, e.g., Ferman and
Pinto (2021), Fry (2024), and Sun, Ben-Michael, and Feller (2023). Without strong cross-
sectional dependence, the SC can suffer identification challenges and pre-treatment fit bias.
(3) When there is only one suitable control unit, as in the current running empirical example,
the convex-weighted SC trivially reduces to the difference between post-treatment treated and
control outcomes. The post-treatment control outcome serves as the post-treatment untreated
potential outcome for the treated unit. The convex-weighted demeaned SC is algebraically
shown in Appendix S.4.2 to be a form of the proposed T-DiD. SC permutation-based inference
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1

2

3 is, however, infeasible in this setting as there is only one control unit. This implies a stronger
4 identification condition relative to the proposed T-DiD — the (weighted) average of untreated
5 potential outcomes of both the treated and untreated units must be equal. This rules out
6 characteristically different means of the untreated potential outcomes of both units. Although
7 the T-DiD estimator requires at least one valid control unit while the SC only needs a donor pool
8 of peers, it is worth emphasising that control validity in the DiD framework can be weaker than
2 that of the SC. For example, the outcome of a valid DiD control unit does not need to be in any
1(1) way dependent on that of the treated unit in pre-treatment periods since a pre-post asymptotic

parallel trends condition suffices. Thus, control units that may be individually SC-irrelevant
12 can be DiD-valid.

13 The preceding paragraphs highlight two important points. First, an empirical setting with as
14 few as a single treated unit and a single control unit easily arises and becomes empirically rele-
15 vant once a researcher is interested in unit-specific effects in lieu of treatment effects from pooled
16 regression analyses where heterogeneity can be substantially masked. Second, existing methods
17 viz. the C-DiD, SC, and factor models are inadequate in this specific setting. Hence, this paper
18 proposes the T-DiD, which exploits temporal variation in the data for consistent estimation and
;g reliable inference in the presence or absence of cross-sectional dependence. Drawing on recent

advances in the DiD literature on treatment effect heterogeneity, e.g., Callaway and Sant’Anna
21 (2021), de Chaisemartin and D’Haultfeeuille (2020), and Borusyak, Jaravel, and Spiess (2024),

22 this paper defines convex-weighted treatment effects on the treated across time and proposes a
23 consistent and asymptotically normal DiD estimator for it.?? Thus, this paper introduces the
24 DiD into a space within the body of literature that has hitherto been the preserve of Synthetic
25 Control (SC) methods, factor models, and comparative studies. This paper provides easily inter-
26 pretable asymptotic parallel trends and asymptotically limited anticipation assumptions under
27 which convex-weighted treatment effects on the treated, namely ATT,, 1 = Zthl wr(t)ATT(t),
28 are asymptotically identified with as few as a single treated and a single control unit and several
29 pre- and post-treatment periods.

30 This paper makes a methodological contribution to the literature on the estimation of
31 treatment effects in time series settings. Arkhangelsky et al. (2021) introduces the Synthetic
32 Difference-in-Differences that combines attractive features of both the SC and C-DiD. It is
33 unsuited for the two-unit baseline case considered in this paper, as it requires the number of
34 untreated units to go to infinity — see Assumption 2 therein. Gongalves and Ng (2024) provides
35 improved predictors of, e.g., SC counterfactuals by exploiting serial correlation in the error.
36 Pesaran and Smith (2016) and Angrist, Jorda, and Kuersteiner (2018) construct counterfactual
37 outcomes from pre-treatment covariates of the treated unit under the identification assumption
38 that the latter are invariant to treatment. A special case of the aforementioned (without pre-
39 treatment covariates) is the before-after (BA) difference in means estimator, see e.g., Carvalho,
40 Masini, and Medeiros (2018, p. 366) for a discussion. The BA uses the average pre-treatment
41 outcome of the treated unit as its post-treatment untreated potential outcome. The BA estima-
42 tor, like the Pesaran and Smith (2016), Angrist, Jorda, and Kuersteiner (2018), and Botosaru,
43 Giacomini, and Weidner (2023) estimators, cannot disentangle common shocks from treatment
44 effects, especially if these occur post-treatment.

45 A related strand of literature concerns the difference-in-discontinuities (diff-in-disc) estima-
46 tor (e.g., Galindo-Silva, Some, and Tchuente, 2018; Picchetti, Pinto, and Shinoki, 2024), which
47 combines the features of regression discontinuity designs and difference-in-differences. This ap-
48 proach is conceptually distinct from the T-DiD, as it identifies local treatment effects defined
49 around a threshold of a running variable (such as time). In contrast, the T-DiD identifies an
50 estimand that pools across all post-treatment periods. Thus, the two estimators are complemen-
51 tary: the diff-in-disc utilises cross-sectional variation (requiring large N) to estimate an ATT
52 within an asymptotically shrinking bandwidth, whereas the T-DiD leverages a fixed number of
53 units with large T to estimate a weighted average of ATTs globally. Consequently, while the
54 identification conditions of the diff-in-disc are local, those of the T-DiD are global.

55

56 22period-specific individual treatment effects on the treated are not consistently estimable in fixed-N settings.
57

58
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S.5.2 Pre-trends testing

While tests of pre-treatment trends are known to only provide suggestive evidence, it is
instructive to tease out hypotheses they actually test. The idea of a pre-test in the current
context can be fashioned as follows. Choose a pre-treatment period 7, such that 7,/7 € (0,1)
and define ATT,, 1, := 277—07:1 w(T)ATT (7). Extending the use of notation in an obvious way,

—~—w, —~—w,y
one has the decomposition ATT,, 7, = ATT; - R#’w where as before, ATT;U— is identified
but ATT,, 1, is not, and R?’w is the difference between a pre-treatment trend bias T'B,, 7 and
anticipation bias ATT,, 7_7,. Decompose R?’w further as R?’w :=TB,7—ATT, 7_7,. Thus,

—~—w,y
ATTy" =TB, 7+ (ATT, 7. — ATTr_1.).
In line with the convergence rate-based hypotheses adopted in Section 5, a pre-test adapted to

—w, <
the current setting can be formulated using the representation |ATT+ | = C, 77/27° where
{Cu,7: T > 1} is a sequence of bounded positive constants.

HEP: 6 >1/2, HPY:6=1/2, HP':§<1/2.

The pre-test can be implemented using the t¢-statistic

— T

~ ATT,, T

twT = 222970 where ATT, 1, = Z wr (1) X,
Sw, T —r=1

wr (1) == wr, (1) 1{7 > To}—v7_7,(1)1{7 < T,}, and §,, 7 is consistent for s,, 7 := E[(mwg—o—
E[A/T\Twn])z] in the sense plim S, 7/s0,7 = 1.
T—o0

TB, 1= o(T*/?) neither implies nor is implied by Assumption 1. Similarly, the rate condi-
tion on anticipation bias-related terms — (ATT,, 7, — ATT, 7—7,) = o(T*/?) — neither implies
nor is implied by Assumption 2. Thus, parallel trends in pre-treatment periods offer no guaran-
tee of parallel trends after ¢ = 0 in the absence of treatment (Kahn-Lang and Lang, 2020; Dette
and Schumann, 2024). The foregoing extends the arguments of Kahn-Lang and Lang (2020)
on pre-tests in the C-DiD setting to the current setting with a large time dimension, temporal
dependence, cross-sectional dependence, and anticipation bias.

Besides possibly distorting inference, pre-tests are documented in the literature to have
poor power performance (Freyaldenhoven, Hansen, and Shapiro, 2019; Roth, 2022). Dette and
Schumann (2024) innovatively reverses the burden of proof by testing for pre-treatment parallel
trends as the alternative hypothesis. Thus, the test proposed therein under the alternative
provides power in favour of pre-treatment parallel trends. While this approach addresses the
power deficiency of commonly used tests of pre-treatment parallel trends, it does not cure
the inherent problem underscored in the preceding paragraph of pre-tests (in general) being
uninformative of the validity (or absence thereof) of parallel trends, especially when violations
occur in the post-treatment period.

Pre-tests can lead to biased inference if used as a basis for estimating treatment effects on
the treated (Roth, 2022). In a similar vein, the foregoing discussion points out why inference
on ATT, r based on passing a pre-test risks being misleading because “passing” a pre-test
neither implies nor is implied by the identification of ATT,, 7. In contrast, the over-identifying
restrictions test in Theorem 3 is valuable as it tests identification save on a space of distributions
where the test has no power under the alternative hypotheses. For example, the proposed test
can detect identification failure stemming from violations of Assumption 1 or Assumption 2 that
might “pass” a pre-test. Moreover, pre-tests are only based on pre-treatment data, whereas
the proposed test is based on the entire data set whence its ability to detect violations of

24
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1

2

3 Assumption 1 in post-treatment periods and have more power as evidenced in simulations — see

‘51 Appendix S.6.4.

6

; S.5.3 Further discussion on the empirical analysis

9 The empirical application of interest in this paper examines the impact of democracy on

10 economic growth. Given the current global decline in both democracy and satisfaction with

11 democratic systems (Coppedge, Edgell, Knutsen, and Lindberg, 2022; Foa et al., 2020), it is apt

12 to re-examine whether democracy drives economic growth and well-being. Several efforts have

13 been devoted to quantifying the effect of democracy on economic growth — see Doucouliagos and

14 Ulubagoglu (2008), Colagrossi, Rossignoli, and Maggioni (2020) and Knutsen (2021) for reviews.

15 However, empirical findings on the relationship between democracy and economic growth are

16 conflicting. Some studies, such as Acemoglu, Naidu, Restrepo, and Robinson (2019), report

17 a positive relationship, while others, like Gerring, Bond, Barndt, and Moreno (2005), find a

18 negative effect, and still others, such as Murtin and Wacziarg (2014), observe no significant

19 effect. As Knutsen (2021) points out, these conflicting findings stem not only from differences in

20 modelling choices and data quality but also from the varying economic performance of regimes

21 with similar levels of democracy, particularly at the autocratic end of the spectrum. For example,

22 Chen and Stengos (2024) finds heterogeneity in effects by regime type, institutional quality, and

23 education levels — see also Acemoglu, Naidu, Restrepo, and Robinson (2019). Thus, one’s answer

24 to the democracy-growth question is largely an artefact of the composition of units in the pooled

25 regression analyses.

26 . .

57 Figure S.6: Democracy Indices
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48

‘513 For the empirical application of the T-DiD, this paper focuses on Benin, a country that

51 experienced strong democratisation in the last three decades. The ideal pool of candidate con-

52 trols includes neighbouring countries such as Togo, Burkina Faso, Niger, and Nigeria. However,
Burkina Faso and Niger have experienced democratic regimes over some periods as shown in

gi Figure S.6 using the democracy index based on the V-Dem project; see section 6.2 for more
details. Nigeria has economic characteristics that are dissimilar to those of Benin. For example,

2> Nigeria has an independent monetary policy while Benin does not. In sum, Togo remains the

g? only suitable control unit among the aforementioned candidate controls.
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Benin is a former French colony, and Togo is a former French protectorate. Both countries
attained independence in 1960. They share a border of almost 651 km and are culturally similar.
Both countries are members of the same monetary union — the West African Economic and
Monetary Union (UEMOA) — even after independence, and they have the same monetary policy.
Politically — see, e.g., Kohnert (2021) — the two countries were autocracies until 1990 when Benin
initiated a process of democratisation. The former French president Francois Mitterand, in the
wake of the fall of the Berlin Wall in 1989 and the implosion of the Soviet Union, encouraged
francophone African countries to adopt democracy.?? Benin and Togo have both undergone
democratisation processes, but their outcomes differ: Benin becomes a model democracy for the
whole of Sub-Saharan Africa, while Togo remains largely perceived as an autocratic country.
The choice of Togo as a control unit for Benin weakens the asymptotic parallel trends and
limited anticipation identification conditions. Both identification conditions only need to hold
conditional not only on the aforementioned observed characteristics but also on unobservable
common characteristics.

S.6 Simulations

This section presents simulation results. Section S.6.2 presents the bias and empirical rejec-
tion rates of competing estimators, and Section S.6.3 presents power curves corresponding to
estimator-based t-tests. The power curves serve to examine the ability of the t-tests to detect
significant ATT,, r. Section Appendix S.6.4 examines the size and power performance of the
proposed identification tests, and Section Appendix S.6.4 extends the results to heterogeneous
(through time) treatment effects.

S.6.1 DGPs

This section examines the small-sample performance of the T-DiD compared to alternatives
such as the SC and the BA under several interesting data-generating processes (DGPs). Consider
the following DGP of untreated potential outcomes

Ya,:(0) = ag + d(ar — ag) + a2Ya—1(0) + o(t) + dvy + (1 — d(1 — 1/\/5)) (o, + aze0,4-1),

with the observed outcome generated as
Yd,t = Yd,t(o) —+ d(ATT(t) -+ (6%) (Yd,tfl — Yd’tfl(())) =+ Oé4t =+ (1/\/5) (61’75 =+ 013617,5,1)) (861)

where Yy ,(0) denotes the untreated potential outcome of unit d € {0,1}. ATT(t) = 0.0 for all
periods for all DGPs. Variations of (av, a1, a2, a3, cua)’, (1), v, and eq; generate different DGPs
described below. a1 # g induces a location shift between the untreated potential outcomes
of the treated and untreated units; the SC fails under this scenario. Yy; and Y;+(0) are first-
order auto-regressive AR(1) and first-order moving average MA(1) processes when |az| € (0,1)
and |ag| € (0,1), respectively. Yy, and Yy ,(0) become unit root processes when as = 1.
oy # 0 leads to uncommon trend non-stationarity in Y; ., unlike in Yp;. The errors of the
observed and untreated potential outcomes of both the treated and untreated units at each
period t € [=T] U [T] are correlated, thus there is cross-sectional dependence across units with
correlation coefficient cor[eos, (1/v/2)(eor + €1¢)] = 1/v/2 ~ 0.707. ¢(-) introduces a common

of

23The statement was made in his speech at Baule during the 16th  Conference
Heads of State of  Africa and  France —  see  https://www.vie-publique.fr/discours/

127621-allocution-de-m-francois- mitterrand- president-de-la-republique-sur-la.
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trend while the random variable v; introduces violations of the standard parallel trends and no-
anticipation assumptions. Quite importantly, the BA fails whenever ¢(-) in the post-treatment
period is not cancelled out (at least asymptotically) by that of the pre-treatment period. For
inference, the convex-weighted SC and BA use a straightforward adaptation of the asymptotic
normality result in this paper.

The following specifies forms of the common trend ¢(¢) and the error eg:

ent(t) :=0.0 no trends
() = vpsr(t) := V21{t > 4} bounded binary trend
o= post(t) = cos(t) bounded continuous trend
onsor(t) ==t+ t2/500  unbounded quadratic trend
and
Edt€dt—1 MDS
edt = { Oarcar, 0% = 0.4+ 0.3¢2,_; +0.30%,_; GARCH(1,1)
(eat + €dt—1€at—2) / V2 White Noise

where eq; % (x? — 1)/v2 and ey, i Tr//T/(T —2) where Tr denotes the Student t-
distribution with T' degrees of freedom. Simulation results are based on 10,000 Monte Carlo
samples. Eleven DGPs are considered in total:
1. DGP SC-BA: a1 = ap = 0.5, as = a3 = 0.0, ¢(t) =0, v, =0, eq is MDS;
2. DGP BA: a3 = —ap = 0.5, as = a3 = 0.0, p(t) =0, vy = 0, eq: is MDS;
3. DGP SC: a3 = ag = 0.5, as = a3 = 0.0, ¢(t) = ¢psr(t), v =0, eq is MDS;
4. (A) DGP PT-NA: a; = ap = 0.5, ay = az = 0.0, p(t) = 0.0, v, ~ N(0.51{t #
0}sgn(t)[t|7%9,1), eqs is MDS;
4. (B) DGP PT-NA: oy = a9 = 0.5, ap = ag = 0.0, ¢(t) = 0.0, vy ~ N(05L{t #
0}¢]7925,1), eqs is MDS;
5. DGP GARCH(1,1): a1 = ap = 0.5, aa = ag = 0.0, ¢(t) = 0.0, vy = 0.0, eq is
GARCH(1,1);
DGP MA(1): a1 = ap = 0.5, as = 0.0, a5 = 0.25, ¢(t) = 0.0, vy = 0.0, eg4; is White Noise;
DGP AR(1): g = a1 = ag = 0.5, az = 0.0, ¢(t) = cos(t), vy = 0.0, eq is White Noise;
DGP U-R: ag = a3 = 0.5, ag = 1.0, a3 = 0.0, ¢(t) = 0.0, v» = 0.0, eqs is White Noise;
DGP Q-T: ap = aq = 0.5, ag = a3z = 0.0, (t) = onsqor(t), v+ = 0.0, eq is White Noise;
and
10. DGP T-T: a1 = a9 = 0.5, ag = a3 = 0.0, ¢(t) = 0.0, g = 1.0, vy = 0, eqy is MDS.

ag # a1 in DGP BA, thus the SC estimator is not expected to perform well. Likewise,
©(t) = ppsr(t) induces a temporal location shift in DGP SC, thus it is not expected to be
favourable to the BA estimator. v; in DGP (A) PT-NA induces violations of the standard
parallel trends and no anticipation assumptions although it satisfies Assumptions 1 and 2.
Unlike in DGP PT-NA (A), weaker rates on the violations of Assumptions 1 and 2 are allowable
in DGP PT-NA (B) as both biases tend to cancel out asymptotically between the pre-treatment
and post-treatment periods. In view of Remark 2.3, Assumptions 1 and 2 are both violated in
DGP PT-NA (B) but identification holds because the biases tend to cancel out asymptotically.
A common quadratic term via ¢(t) = t + t2/500 induces trend non-stationarity in DGP Q-T;
this DGP is not favourable to the BA estimator. The trend in DGP T-T is linear and affects
only the treated unit; the trend leads to identification failure if not removed.

© *® N>
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S.6.2 Bias and size control

Table S.1: Simulation - ATT(t) = 0.0, t > 1

T,7 DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.002 0.002 0.001 0.14 0.096 0.175 0.216 0.151 0.280
50 -0.001 0.000 -0.001 0.101 0.07 0.129 0.153 0.107 0.202
< 100 0.000 0.000 -0.001 0.072 0.051 0.094 0.108 0.077 0.142
A 200 0.001  0.001 0.002 0.051 0.036 0.066 0.076 0.053 0.100
8 400 0.000 0.000 0.000 0.037 0.025 0.047 0.0564 0.038 0.070
& Rej. 1% Rej. 5% Rej. 10%
A
25 0.012 0.012 0.013 0.057 0.056 0.056 0.116 0.110 0.114
50 0.012 0.009 0.011 0.052 0.053 0.055 0.105 0.104 0.110
100 0.008 0.010 0.010 0.050 0.053 0.063 0.101 0.105 0.106
200 0.008 0.009 0.010 0.049 0.045 0.049 0.100 0.096 0.101
400 0.011  0.010 0.009 0.049 0.049 0.047 0.099 0.099 0.097
MB MAD RMSE
25 0.002 -0.998 0.001 0.14 0.997 0.175 0.216 1.009 0.280
50 -0.001 -1.000 -0.001 0.101 1.000 0.129 0.153 1.006 0.202
100  0.000 -1.000 -0.001 0.072 1.000 0.094 0.108 1.003 0.142
é 200 0.001 -0.999 0.002 0.051 0.999 0.066 0.076 1.001 0.100
ol 400  0.000 -1.000 0.000 0.037 1.000 0.047 0.054 1.001 0.070
8 Rej. 1% Rej. 5% Rej. 10%
25 0.012 0.990 0.013 0.057 0.997 0.056 0.116 0.999 0.114
50 0.012 1.000 0.011 0.052 1.000 0.055 0.105 1.000 0.110
100 0.008 1.000 0.010 0.050 1.000 0.053 0.101 1.000 0.106
200  0.008 1.000 0.010 0.049 1.000 0.049 0.100 1.000 0.101
400 0.011  1.000 0.009 0.049 1.000 0.047 0.099 1.000 0.097
MB MAD RMSE
25 0.002 0.002 1.246 0.140 0.096 1.248 0.216 0.151 1.277
50 -0.001 0.000 1.328 0.101 0.070 1.329 0.153 0.107 1.343
100 0.000 0.000 1.371 0.072 0.051 1.372 0.108 0.077 1.378
8 200 0.001 0.001 1.395 0.051 0.036 1.393 0.076 0.053 1.398
| 400 0.000 0.000 1.404 0.037 0.025 1.404 0.054 0.038 1.406
©) . ) .
A Rej. 1% Rej. 5% Rej. 10%
25 0.012 0.012 0.919 0.057 0.056 0.965 0.116 0.110 0.979
50 0.012 0.009 0.992 0.052 0.053 0.996 0.105 0.104 0.998
100 0.008 0.010 1.000 0.050 0.053 1.000 0.101 0.105 1.000
200 0.008 0.009 1.000 0.049 0.045 1.000 0.100 0.096 1.000
400 0.011  0.010 1.000 0.049 0.049 1.000 0.099 0.099 1.000

Tables S.1 to S.4 present the mean bias (MB), the median absolute deviation (MAD), the
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Table S.2: Simulation - ATT'(t) = 0.0, t > 1
T,7 DD SC BA DD SC BA DiD SC BA
MB MAD RMSE
25 0.177 0.089 0.176 0270 0.179 0.294 0.397 0.265 0.436
_. 50 0.109 0.055 0.109 0.185 0.127 0.201 0.273 0.187 0.302
<l 100  0.063 0.030 0.062 0.128 0.087 0.139 0.190 0.120 0.212
S| 200 0037 0.018 0037 0089 0061 0.099 0132 0.090 0.147
©l 400 0.023 0.011 0.023 0.063 0.043 0.068 0.092 0.064 0.102
. Rej. 1% Rej. 5% Rej. 10%
21 25 0030 0020 0027 0096 0086 0092 0162 0.142 0.155
50  0.020 0.021 0.017 0.077 0.074 0.076 0.140 0.130 0.133
100 0.019 0.018 0.016 0.069 0.059 0.070 0.126 0.111 0.128
200 0.015 0.012 0.013 0.065 0.056 0.062 0.117 0.110 0.119
400 0.012 0.012 0.011 0.056 0.054 0.056 0.107 0.105 0.108
MB MAD RMSE
25 0.001 0.287 0.000 0.241 0.294 0.269 0.356 0.381 0.399
. 50 0.001 0.246 0.001 0.168 0.248 0.187 0.250 0.304 0.282
Bl 100 -0.002 0205 -0.002 0.121 0.206 0.134 0.180 0.241 0.202
Z| 200 -0.001 0.75 -0.001 0.085 0.175 0.095 0.26 0.196 0.142
0 400 0.001 0148 0.001 0.06 0.148 0.067 0.089 0.161 0.099
. Rej. 1% Rej. 5% Rej. 10%
Sl 25 0016 0111 0016 0065 0246 0.061 0.118 0.347 0.119
50  0.013 0.145 0.011 0.056 0.308 0.052 0.105 0.416 0.107
100 0.012 0.187 0.010 0.053 0.382 0.057 0.102 0.502 0.108
200  0.010 0.283 0.011 0.051 0.508 0.049 0.103 0.628 0.102
400 0.010 0.415 0.009 0.048 0.648 0.047 0.099 0.758 0.101
MB MAD RMSE
25 0.004 0.001 -0.003 0.141 0.098 0.177 0.214 0.154 0.275
~| 50  0.001 0.000 0.002 0.102 0.072 0.130 0.152 0.107 0.199
=| 100 0.000 0.000 0.000 0.071 0.051 0.092 0.108 0.077 0.141
Z| 200 0000 0.000 0.000 0.052 0.037 0.066 0.077 0.054 0.099
Z| 400 0000 0000 0.000 0036 0.026 0.047 0054 0.038 0.071
2 Rej. 1% Rej. 5% Rej. 10%
Q| 25 0017 0019 0.014 0064 0.072 0058 0.20 0123 0.111
50  0.012 0.012 0.012 0.055 0.055 0.055 0.108 0.107 0.106
100  0.011 0.013 0.009 0.056 0.055 0.051 0.106 0.107 0.100
200 0.011 0.011 0.009 0.053 0.051 0.046 0.099 0.103 0.096
400 0.009 0.010 0.010 0.049 0.052 0.048 0.098 0.105 0.100
29
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Table S.3: Simulation - ATT(t) = 0.0, t > 1

T,7 DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.005 0.003 -0.002 0.174 0.119 0.218 0.269 0.190 0.347
50 -0.001 0.000 -0.002 0.128 0.088 0.164 0.192 0.134 0.251
= 100 -0.001 0.000 -0.001 0.091 0.065 0.118 0.135 0.096 0.178
=| 200 0.001  0.001 0.001 0.064 0.045 0.083 0.095 0.067 0.125
=| 400 0.000 0.000 0.000 0.045 0.032 0.058 0.067 0.048 0.088
?QS Rej. 1% Rej. 5% Rej. 10%
25 0.024 0.022 0.017 0.078 0.074 0.068 0.142 0.131 0.130
50 0.016 0.014 0.016 0.071 0.063 0.068 0.128 0.121 0.124
100 0.014 0.013 0.011 0.061 0.061 0.057 0.119 0.116 0.117
200 0.014 0.012 0.013 0.057 0.058 0.056 0.107 0.109 0.112
400 0.011  0.012 0.009 0.052 0.050 0.052 0.103 0.104 0.110
MB MAD RMSE
25 0.003 -0.021 0.003 0.162 0.112 0.208 0.252 0.183 0.324
50 -0.001 -0.012 0.000 0.111 0.077 0.145 0.168 0.119 0.217
~ 100 0.000 -0.007 -0.001 0.076 0.054 0.100 0.113 0.082 0.147
=t 200 0.001 -0.003 0.001 0.053 0.037 0.068 0.078 0.056 0.102
<< | 400 0.000 -0.002 0.000 0.037 0.026 0.047 0.054 0.039 0.071
Y
8 Rej. 1% Rej. 5% Rej. 10%
25 0.024 0.033 0.021 0.083 0.088 0.082 0.141 0.148 0.143
50 0.018 0.022 0.02 0.072 0.069 0.071 0.129 0.126 0.133
100 0.014 0.015 0.014 0.063 0.066 0.061 0.115 0.123 0.117
200 0.013 0.013 0.015 0.055 0.059 0.062 0.105 0.111 0.114
400 0.011  0.012 0.012 0.051 0.053 0.059 0.100 0.102 0.116
MB MAD RMSE
25 0.003 0.002 -0.002 0.143 0.097 0.178 0.220 0.156 0.286
50 -0.001 0.000 -0.002 0.103 0.071 0.131 0.155 0.108 0.203
100  -0.001 0.000 -0.001 0.073 0.052 0.094 0.109 0.078 0.143
g 200 0.001 0.000 0.001 0.051 0.036 0.066 0.077 0.054 0.100
n. 400 0.000 0.000 0.000 0.036 0.026 0.047 0.0564 0.038 0.071
2 Rej. 1% Rej. 5% Rej. 10%
25 0.013 0.015 0.010 0.056 0.056 0.047 0.110 0.105 0.101
50 0.010 0.010 0.009 0.052 0.048 0.051 0.108 0.099 0.101
100 0.010 0.010 0.008 0.050 0.052 0.044 0.102 0.103 0.097
200 0.011  0.009 0.009 0.050 0.052 0.048 0.097 0.100 0.097
400 0.009 0.010 0.008 0.045 0.047 0.047 0.097 0.096 0.101
30
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Table S.4: Simulation - ATT(t) = 0.0, t > 1

T,7 DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.003 0.002 25.998 0.141 0.096 25.998 0.217 0.153 25.999
50 -0.001 0.000 50.998 0.103 0.07 50.998 0.154  0.107 50.998
100  -0.001 0.000 100.998 0.073 0.052 100.998 0.108 0.077 100.999
200 0.001 0.001 201.001 0.050  0.036 201 0.076  0.054  201.001
400 0.000 0.000 401 0.036 0.026 401.001 0.054 0.038 401
Rej. 1% Rej. 5% Rej. 10%
25 0.013 0.015 1.000 0.060 0.058 1.000 0.113 0.105 1.000
50 0.012 0.011 1.000 0.052 0.049 1.000 0.104 0.100 1.000
100 0.010 0.010 1.000  0.051 0.051 1.000 0.103 0.103 1.000
200 0.012 0.010 1.000 0.051 0.051 1.000 0.098 0.100 1.000
400 0.010 0.010 1.000 0.046  0.047 1.000  0.097  0.096 1.000
MB MAD RMSE
25 0.003  25.005 0.008  0.270 25.008 0.344 0.426 25.007 0.571
50 -0.005  49.995 0.005 0.200 49.997 0.251 0.306  49.996 0.400
100  -0.002 100.000 -0.002 0.140 100.002 0.183 0.214 100.000 0.282
200 0.003 200.003 0.002 0.100 200.004 0.130 0.151 200.003 0.199
400 0.000 400.000 -0.001 0.073 399.999 0.093 0.108 400.000 0.140
Rej. 1% Rej. 5% Rej. 10%
25 0.015 1.000 0.016 0.066 1.000 0.068 0.124 1.000 0.132
50 0.013 1.000 0.014  0.060 1.000 0.062 0.118 1.000 0.118
100 0.012 1.000 0.011 0.052 1.000 0.053 0.102 1.000 0.105
200 0.009 1.000 0.011 0.048 1.000 0.049 0.099 1.000 0.101
400 0.010 1.000 0.009 0.050 1.000 0.049 0.102 1.000 0.103
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root-mean-squared error (RMSE), and the empirical rejection rates of the null hypothesis, H, :
ATT,r = 0.0 at conventional nominal levels 1%, 5%, and 10% for the DiD, SC, and BA
estimators across all 11 DGPs. Results are based on 10,000 Monte Carlo replications for each
sample size T = T € {25,50,100,200,400}. Standard errors used throughout the text are
heteroskedasticity and auto-correlation robust using the Newey and West (1987) procedure. For
all competing estimators, lagged X; are controlled for in DGP AR(1) while first differences are
applied to X; before estimation in DGP U-R. The uniform weighting scheme is used throughout.

All three estimators perform reasonably under scenarios where they are expected to. The
poor performance of the SC in DGP BA confirms its sensitivity to differences in pre-treatment
average outcomes, whereas the poor performance of the BA in DGP SC and Q-Trend confirms
its sensitivity to common shocks, which the BA cannot disentangle from treatment effects.
Although all estimators appear to suffer size distortion at small sample sizes under DGPs PT-
NA (A), MA(1), and AR(1), these improve with the sample. The SC only uses data from the
post-treatment periods so it fails to harness identifying variation from pre-treatment periods to
counter bias occurring in the post-treatment periods. This explains the poor performance of the
SC in DGP PT-NA (B) while both the T-DiD and BA perform reasonably. On the whole, one
observes the robustness of the proposed T-DiD to several interesting and empirically relevant
settings through the simulation results presented in Tables S.1 to S.4.

S.6.3 Detecting significant ATT,, rs

To ensure that the good size control of the T-DiD is not achieved at the expense of power,
the DGP in Appendix S.6 (see (S.6.1)) with ATT(t) = ATT, ATT € [0.0,1.0] is used. The
hypotheses are H, : ATT, v = 0.0 vs H, : ATT,, 7 # 0.0. Thus, the goal is to ensure that
hypothesis tests based on the DiD estimate control size under the null and have the power
to detect non-trivial effects of treatment or, generally, deviations away from a posited null
hypothesis on the size of treatment effects.

(a) 10% (b) 5% (¢) 1%

0.8

0.4

0.0

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75
ATT ATT ATT

Figure S.7: Power Curves - DGP SC-BA, 7,T = 25.

Figures S.7 to S.17 present power curves corresponding to estimator-based t-tests of the
hypotheses H, : ATT,, 7 = 0.0 vs. H, : ATT,, 7 # 0.0. Overall, the power curves continue to
reflect the robustness of the T-DiD across interesting settings and its ability to detect significant
treatment effects. One also observes the failure of either the SC or BA to meaningfully control
size under H,, have power under H,, or both whenever any of the stringent conditions under
which they hold is violated.
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Figure S.8: Power Curves - DGP BA, T,T = 25.

(a) 10% (b) 5% (c) 1%

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
ATT ATT ATT

Figure S.9: Power Curves - DGP SC, 7,1 = 25.
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Figure S.10: Power Curves - DGP PT-NA (A), 7,T = 25.
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Figure S.11: Power Curves - DGP PT-NA (B), 7,7 = 25.
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Figure S.12: Power Curves - DGP GARCH(1,1), 7,7 = 25.
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Figure S.13: Power Curves - DGP MA(1), 7,7 = 25.
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19 Figure S.14: Power Curves - DGP AR(1), 7,T = 25.

22 (a) 10% (b) 5% (¢) 1%

35 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
ATT ATT ATT

37 Figure S.15: Power Curves - DGP U-R, 7,7 = 25.
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55 Figure S.16: Power Curves - DGP Q-T, 7,T = 25.
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Figure S.17: Power Curves - DGP T-T, 7,T = 25.

S.6.4 Testing identification

This section examines the empirical sizes and power performance of the family of over-
identifying restrictions and pre-trends tests. As both types of tests are based on estimates of
ATT on some (sub-)sample, this gives rise to over-identifying restrictions tests id.BA, id.DiD,
and id.SC and pre-tests pt.BA, pt.DiD, and pt.SC, where the prefixes “id” and “pt” denote over-
identifying restrictions and pre-trends tests, respectively, using the prefixed estimator SC, DiD,
or BA. Pre-trends tests are conducted using approximately half of the pre-treatment periods as
a “pre-treatment” period and the other half as the “post-treatment” period.

Modifications of DGPs PT-NA (A) and (B) via the term v, provide the following scenarios
for examining over-identifying restrictions and pre-trends identification tests using simulations;
1. DGP idTest I : v ~ N(2.5h|t|70%5,1) if t < —1 and v, = 0 otherwise, ag = —a; = 0.5;

2. DGP idTest II : vy ~ N(2.5h|t|_0'25, 1) if t > 1 and vy = 0 otherwise, ag = a7 = 0.5,
o(t) = V21{t > 4}; and
3. DGP idTest III : v, ~ N (2.5(1—h(1—sgn(t))[t|7%2°,1), g = —ay = 0.5, p(t) = V21{t >
4}.
ATT = 0.0; thus, a “treated” unit is as good as a “control” unit. For the comparison of tests
of identification, the t-test version of the over-identifying restrictions test is used since there are
only two candidate controls. Thus, both units are candidate controls for the over-identifying
restrictions tests; one unit serves as the “treated unit” while the other serves as a “control unit”
for pre-trends tests.

In all three DGPs above, identification in the T-DiD context holds when h = 0. Both id.DiD
and pt.DiD should control size in DGPs idTest I and idTest II while only id.DiD is expected to
control size in DGP idTest III. In fact, both Assumptions 1 and 2 are individually violated in
DGP idTest III, but DiD-identification holds — see Remark 2.3. For h € (0,1] in (1) DGP idTest
I, violations of DiD identification occur in the pre-treatment period (which can be picked up by
the pt.DiD), (2) DGP idTest II, violations occur in the post-treatment period, which cannot be
picked up by the pt.DiD, and (3) violations occur in both pre- and post-treatment periods.

Figures S.18 to S.20 present power curves to compare all six candidate tests of identification.
As expected, over-identifying restrictions tests based on the BA and SC continue to bear the
drawbacks of the respective estimators. For example, id.BA jointly controls size meaningfully
and has non-trivial power in Figure S.18 but not in Figure S.19 whereas the opposite holds for
id.SC. All pre-tests have trivial power, fail to control size meaningfully, or both in Figures S.18
to S.20. In sum, this short simulation exercise demonstrates the reliability of the DiD-based
over-identifying restrictions test of identification even in scenarios, such as DGP idTest II where
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Figure S.18: Power Curves - DGP idTest I, 7,T = 25.
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Figure S.19: Power Curves - DGP idTest II, 7,T = 25.

(a) 10% (b) 5% (c) 1%

0.8

---id.BA

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00

Figure S.20: Power Curves - DGP idTest III, 7,7 = 25.
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pre-tests do not help detect violations of ATT.

S.6.5 Heterogeneous Treatment Effects

This section provides more simulation results. The DGPs remain the same as in Ap-
pendix S.6.2, but ATT(t) is heterogeneous in ¢t and ATT,, r varies with T

sin(t)/m ift>1

0 otherwise -

ATT(t) = {

With the choice of the uniform weighting scheme, the sequence of ATT parameters (indexed by
T) is given by ATT,, r = (#T)~! Zthl sin(t). This scenario helps to examine the performance
of the DiD when the parameter of interest varies with 7.

Generally, Tables S.5 to S.8 confirm simulation results on homogeneous treatment effects.
The DiD performs well across all settings considered in the DGPs, whereas the SC and BA are
very sensitive to deviations from the strong identification conditions they require. ATT(t) is
heterogeneous across post-treatment periods, and the target parameter varies with 7" and does
not impact the performance of the DiD.

S.6.6 Non-constant )\,

The next set of simulation results concerns the sensitivity to A,. To this end, the sequence
A is specified as A, € {0.5,0.4,0.6,0.3,0.7} varying in n € {50,100,200,400,800} over the
closed interval A\, € [0.3, 0.7) with T'= Ayn, T =n — T, and ATT(t) = 0.0, ¢ > 1. The results
are presented in Tables S.9 to S.12. Comparing these results to those in Tables S.1 to S.4, one
observes little difference in the performance of all estimators. The performance of the T-DiD
remains robust across all the DGPs.
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T,7 DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.002 0.002 0.001 0.140 0.096 0.175 0.216 0.151 0.280
50 -0.001 0.000 -0.001 0.101 0.070 0.129 0.153 0.107 0.202
< 100 0.000 0.000 -0.001 0.072 0.051 0.094 0.108 0.077 0.142
A 200 0.001 0.001 0.002 0.051 0.036 0.066 0.076 0.053 0.100
8 400 0.000 0.000 0.000 0.037 0.025 0.047 0.054 0.038 0.070
& Rej. 1% Rej. 5% Rej. 10%
A
25 0.010 0.007 0.011 0.048 0.035 0.050 0.100 0.077 0.103
50 0.009 0.004 0.009 0.043 0.035 0.049 0.092 0.077 0.102
100 0.006 0.005 0.008 0.042 0.035 0.048 0.089 0.08 0.096
200 0.006 0.004 0.008 0.041 0.031 0.044 0.089 0.071 0.091
400 0.008 0.005 0.008 0.041 0.035 0.043 0.089 0.076 0.090
MB MAD RMSE
25 0.002 -0.998 0.001 0.140 0.997 0.175 0.216 1.009 0.280
50 -0.001 -1.000 -0.001 0.101 1.000 0.129 0.153 1.006 0.202
100 0.000 -1.000 -0.001 0.072 1.000 0.094 0.108 1.003 0.142
g 200 0.001 -0.999 0.002 0.051 0.999 0.066 0.076 1.001 0.100
ol 400 0.000 -1.000 0.000 0.037 1.000 0.047 0.054 1.001 0.070
8 Rej. 1% Rej. 5% Rej. 10%
25 0.010 0.989 0.011 0.048 0.997 0.050 0.100 0.999 0.103
50 0.009 1.000 0.009 0.043 1.000 0.049 0.092 1.000 0.102
100 0.006 1.000 0.008 0.042 1.000 0.048 0.089 1.000 0.096
200 0.006 1.000 0.008 0.041 1.000 0.044 0.089 1.000 0.091
400 0.008 1.000 0.008 0.041 1.000 0.043 0.089 1.000 0.090
MB MAD RMSE
25 0.002 0.002 1.246 0.140 0.096 1.248 0.216 0.151 1.277
50 -0.001 0.000 1.328 0.101 0.07 1.329 0.153 0.107 1.343
100 0.000 0.000 1.371 0.072 0.051 1.372 0.108 0.077 1.378
8 200 0.001 0.001 1.395 0.051 0.036 1.393 0.076 0.053 1.398
al 400 0.000 0.000 1.404 0.037 0.025 1.404 0.054 0.038 1.406
©) 3 ) .
A Rej. 1% Rej. 5% Rej. 10%
25 0.010 0.007 0.921 0.048 0.035 0.965 0.100 0.077 0.979
50 0.009 0.004 0.992 0.043 0.035 0.996 0.092 0.077 0.998
100 0.006 0.005 0.999 0.042 0.035 1.000 0.089 0.080 1.000
200 0.006 0.004 1.000 0.041 0.031 1.000 0.089 0.071 1.000
400 0.008 0.005 1.000 0.041 0.035 1.000 0.089 0.076 1.000
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Table S.6: Simulation - ATT(t) = sin(t)/m, t > 1

T.7 DD SC BA DD SC BA DD SC BA
MB MAD RMSE
25 0.177 0.089 0176 0270 0.179 0294 0.397 0.265 0.436

.50 0109 0055 0.109 0.185 0.127 0201 0273 0.187 0.302

=| 100 0063 003 0062 0.128 0.087 0.139 019 0.129 0.212

<| 200 0037 0018 0037 0089 0061 0099 0132 0090 0.147

Z1 400 0023 0011 0.023 0.063 0.043 0068 0092 0.064 0.102

- Rej. 1% Rej. 5% Rej. 10%

2| 25 0027 0025 0026 0089 0.075 0.086 0.154 0.132 0.147
50 0019 0017 0.016 0072 0.067 0072 0.133 012 0.128
100 0.016 0014 0.015 0.064 0.052 0.068 012 0.099 0.124
200 0.013 0010 0.011 0061 0.048 0.058 0.113 0.100 0.114
400 0.011 0010 0011 0.054 0.047 0.053 0.102 0.096 0.104

MB MAD RMSE
25 0.001 0287 0000 0241 0294 0269 0.356 0.381 0.399

.50 0.001 0246 0.001 0.168 0.248 0.187 0.25 0.304 0.282

Al 100 -0.002 0205 -0.002 0.121 0.206 0.134 0.8 0241 0.202

<| 200 0001 075 -0.001 0085 0175 0095 0126 0196 0.142

| 400 0001 0148 0001 0.06 0.48 0.067 0089 0.161 0.099

- Rej. 1% Rej. 5% Rej. 10%

2| 25 0015 01 0014 006 0227 0058 0.112 0327 0.115
50 0012 013 001 0051 028 005 0.100 0.397 0.105
100 0.011 017 0.009 005 0361 0.055 0.097 0.482 0.105
200 0.009 0259 001 0048 0.486 0.045 0.099 0.610 0.096
400 0.009 0.392 0.008 0.045 0.633 0.045 0.095 0.749 0.098

MB MAD RMSE
95 0.004 0001 -0.003 0.141 0.098 0.177 0214 0.154 0.275

~ 50 0001 0000 0.002 0102 0072 0.13 0.152 0.107 0.199

=| 100 0.000 0000 0000 0.071 0.051 0.092 0108 0.077 0.141

T| 200 0.000 0000 0.000 0052 0.037 0066 0.077 0.054 0.099

Z| 400 0.000 0.000 0.000 0036 0.02 0.047 0051 0038 0.071

z Rej. 1% Rej. 5% Rej. 10%

O 25 0013 0012 0010 0055 0051 005 0106 0098 0.102
50 0.010 0.006 0.009 0045 0.037 0.048 0.094 0.081 0.097
100 0.008 0.007 0.008 0.047 0.039 0.046 0.094 0.081 0.091
200 0.008 0.005 0.007 0.045 0.036 0.041 0.087 0.079 0.088
400 0.006 0.005 0.008 0.041 0.035 0.042 0.086 0.08 0.092
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Table S.7: Simulation - ATT(t) = sin(t)/m, t > 1

T,7 DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.005 0.003 -0.002 0.174 0.119 0.218 0.269 0.19 0.347
50 -0.001 0.000 -0.002 0.128 0.088 0.164 0.192 0.134 0.251
= 100 -0.001 0.000 -0.001 0.091 0.065 0.118 0.135 0.096 0.178
=| 200 0.001  0.001 0.001 0.064 0.045 0.083 0.095 0.067 0.125
=| 400 0.000 0.000 0.000 0.045 0.032 0.058 0.067 0.048 0.088
?QS Rej. 1% Rej. 5% Rej. 10%
25 0.022 0.018 0.015 0.072 0.061 0.065 0.132 0.113 0.122
50 0.014 0.009 0.015 0.066 0.051 0.064 0.121 0.102 0.118
100 0.012 0.010 0.010 0.058 0.052 0.054 0.114 0.103 0.113
200 0.013 0.010 0.012 0.054 0.051 0.054 0.105 0.101 0.109
400 0.011  0.011  0.009 0.051 0.049 0.053 0.103 0.100 0.110
MB MAD RMSE
25 -0.007 -0.029 -0.007 0.160 0.108 0.206 0.248 0.177 0.321
50 -0.006 -0.016 -0.005 0.110 0.075 0.144 0.166 0.116 0.216
~ 100  -0.003 -0.009 -0.003 0.076 0.053 0.100 0.112 0.080 0.146
=t 200 -0.001 -0.004 0.000 0.052 0.036 0.068 0.078 0.055 0.101
<<| 400 -0.001 -0.002 -0.001 0.036 0.026 0.047 0.054 0.038 0.071
Y
8 Rej. 1% Rej. 5% Rej. 10%
25 0.019 0.021 0.017 0.068 0.065 0.071 0.124 0.115 0.130
50 0.013 0.013 0.015 0.061 0.049 0.065 0.113 0.096 0.122
100 0.012 0.010 0.012 0.054 0.046 0.055 0.103 0.093 0.111
200 0.011  0.009 0.014 0.048 0.043 0.058 0.092 0.087 0.109
400 0.009 0.007 0.011 0.044 0.038 0.056 0.089 0.078 0.111
MB MAD RMSE
25 -0.008 -0.009 -0.013 0.144 0.099 0.178 0.22 0.156 0.286
50 -0.006 -0.005 -0.007 0.103 0.072 0.131 0.155 0.108 0.203
100  -0.003 -0.003 -0.004 0.073 0.053 0.094 0.109 0.078 0.143
g 200 -0.001 -0.001 -0.001 0.051 0.036 0.066 0.077 0.054 0.100
n. 400 -0.001 -0.001 -0.001 0.036 0.026 0.047 0.054 0.038 0.071
2 Rej. 1% Rej. 5% Rej. 10%
25 0.011  0.010 0.008 0.049 0.043 0.042 0.097 0.086 0.095
50 0.008 0.005 0.007 0.045 0.035 0.044 0.096 0.077 0.094
100 0.007 0.006 0.006 0.043 0.037 0.039 0.091 0.08 0.089
200 0.009 0.0056 0.008 0.042 0.038 0.043 0.086 0.078 0.091
400 0.007 0.005 0.007 0.039 0.034 0.041 0.085 0.073 0.094
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Table S.8: Simulation - ATT(t) = sin(t)/m, t > 1

T,7 DiD SC BA DD SC BA DD SC  BA
MB MAD RMSE
25 0.003 0.002 25.998 0.141 0.096 25.998 0217 0.153 25.999
50 -0.001 0.000 50.998 0.103 0.070 50.998 0.154 0.107 50.998
100 -0.001 0.000 100.998 0.073 0.052 100.998 0.108 0.077 100.999
g, 200 0.001 0.001 201.001 0.050 0.036 201.000 0.076 0.054 201.001
Z| 400 0.000 0.000 401.000 0.036 0.026 401.001 0.054 0.038 401.000
2 Rej. 1% Rej. 5% Rej. 10%
25 0.011 0.009 1.000 0.050 0.043 1.000 0.101 0.083 1.000
50 0.009 0.005 1.000 0.046 0.034 1.000 0.092 0.074 1.000
100 0.008 0.005 1.000 0.043 0.036 1.000 0.092 0.079  1.000
200 0.009 0.005 1.000 0.043 0.036 1.000 0.087 0.076  1.000
400 0.007 0.005 1.000 0.038 0.034 1.000 0.084 0.073  1.000
MB MAD RMSE
25 0.075 25.080 0.080 0.271 25.083 0.346 0432 25.082 0.576
50 0.032 50.033 0.042 0.202 50.035 0.252 0.308 50.034 0.403
100 0.017 100.019 0.017 0.140 100.021 0.182 0.215 100.019 0.283
:200 0.012 200.012 0.011 0.101 200.013 0.131 0.151 200.012 0.200
=] 400 0.002 400.002 0.001 0.073 400.001 0.093 0.108 400.002 0.140
2 Rej. 1% Rej. 5% Rej. 10%
25 0.012 1.000 0.016 0.057 1.000 0.064 0.112 1.000 0.124
50 0.011 1.000 0.011 0.049 1.000 0.054 0.104 1.000 0.108
100 0.009 1.000 0.009 0.044 1.000 0.046 0.091 1.000 0.097
200 0.007 1.000 0.009 0.040 1.000 0.046 0.087 1.000 0.093
400 0.008 1.000 0.008 0.043 1.000 0.043 0.090 1.000  0.096
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Table S.9: Simulation — ATT(t) = 0.0, ¢t > 1, non-constant A,

n An DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.5 0.002 0.002 0.001 0.140 0.096 0.175 0.216 0.151 0.280
50 0.4 0.000 0.000 -0.002 0.103 0.079 0.132 0.157 0.121 0.204
100 0.6 0.001 0.000 -0.002 0.074 0.047 0.095 0.112 0.070 0.147
200 0.3 -0.001 -0.001 0.000 0.055 0.046 0.071 0.084 0.070 0.109
400 0.7 0.000 0.000 0.001 0.040 0.022 0.051 0.059 0.032 0.076
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.012 0.012 0.013 0.057 0.056 0.056 0.116 0.110 0.114
50 0.4 0.011 0.011 0.010 0.056 0.053 0.052 0.111 0.111 0.105
100 0.6 0.010 0.010 0.011 0.055 0.052 0.055 0.110 0.104 0.110
200 0.3 0.011 0.010 0.009 0.055 0.053 0.049 0.108 0.104 0.102
400 0.7 0.011 0.010 0.009 0.048 0.050 0.050 0.094 0.101 0.098
MB MAD RMSE
25 0.5 0.002 -0.998 0.001 0.140 0.997 0.175 0.216 1.009 0.280
50 0.4 0.000 -1.000 -0.002 0.103 0.999 0.132 0.157 1.007 0.204
100 0.6 0.001 -1.000 -0.002 0.074 0.998 0.095 0.112 1.002 0.147
200 0.3 -0.001 -1.001 0.000 0.055 1.001 0.071 0.084 1.003 0.109
400 0.7 0.000 -1.000 0.001 0.040 1.000 0.051 0.059 1.001 0.076
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.012 0.990 0.013 0.057 0.997 0.056 0.116 0.999 0.114
50 0.4 0.011 0.999 0.010 0.056 1.000 0.052 0.111 1.000 0.105
100 0.6 0.010 1.000 0.011 0.055 1.000 0.055 0.110 1.000 0.110
200 0.3 0.011 1.000 0.009 0.055 1.000 0.049 0.108 1.000 0.102
400 0.7 0.011 1.000 0.009 0.048 1.000 0.050 0.094 1.000 0.098
MB MAD RMSE
25 0.5 0.002 0.002 1.246 0.140 0.096 1.248 0.216 0.151 1.277
50 0.4 0.000 0.000 1.306 0.103 0.079 1.303 0.157 0.121 1.322
100 0.6 0.001 0.000 1.377 0.074 0.047 1.380 0.112 0.070 1.385
200 0.3 -0.001 -0.001 1.379 0.055 0.046 1.377 0.084 0.070 1.383
400 0.7 0.000 0.000 1.407 0.040 0.022 1.408 0.059 0.032 1.409
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.012 0.012 0.919 0.057 0.056 0.965 0.116 0.110 0.979
50 0.4 0.011 0.011 0.992 0.056 0.053 0.998 0.111 0.111 0.999
100 0.6 0.010 0.010 0.999 0.055 0.052 1.000 0.110 0.104 1.000
200 0.3 0.011 0.010 1.000 0.055 0.053 1.000 0.108 0.104 1.000
400 0.7 0.011 0.010 1.000 0.048 0.050 1.000 0.094 0.101 1.000
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Table S.10: Simulation — ATT(t) = 0.0, ¢ > 1, non-constant A,

n A, DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.5 0.177 0.089 0.176 0.270 0.179 0.294 0.397 0.265 0.436
50 0.4 0.102 0.064 0.108 0.178 0.145 0.202 0.261 0.211 0.309
100 0.6 0.075 0.027 0.063 0.150 0.080 0.145 0.225 0.118 0.217
200 0.3 0.035 0.026 0.042 0.089 0.080 0.107 0.130 0.117 0.159
400 0.7 0.034 0.008 0.026 0.095 0.036 0.076 0.140 0.054 0.112
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.030 0.029 0.027 0.096 0.086 0.092 0.162 0.142 0.155
50 0.4 0.024 0.023 0.022 0.080 0.079 0.077 0.141 0.134 0.136
100 0.6 0.020 0.015 0.017 0.072 0.060 0.067 0.132 0.111 0.127
200 0.3 0.014 0.013 0.013 0.064 0.059 0.061 0.120 0.110 0.117
400 0.7 0.012 0.013 0.012 0.060 0.052 0.060 0.113 0.103 0.112
MB MAD RMSE
25 0.5 0.001 0.287 0.000 0.241 0.294 0.269 0.356 0.381 0.399
50 0.4 0.023 0.258 0.021 0.175 0.264 0.191 0.259 0.327 0.290
100 0.6 -0.020 0.198 -0.023 0.124 0.198 0.138 0.187 0.229 0.209
200 0.3 0.035 0.197 0.036 0.097 0.197 0.106 0.142 0.227 0.158
400 0.7 -0.031 0.136 -0.031 0.069 0.136 0.076 0.102 0.146 0.114
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.016 0.111 0.016 0.065 0.246 0.061 0.118 0.347 0.119
50 04 0.015 0.133 0.016 0.059 0.284 0.059 0.107 0.394 0.114
100 0.6 0.016 0.210 0.013 0.060 0.416 0.057 0.113 0.539 0.110
200 0.3 0.012 0.207 0.012 0.060 0.414 0.058 0.117 0.534 0.113
400 0.7 0.016 0.494 0.013 0.064 0.728 0.059 0.122 0.817 0.114
MB MAD RMSE
25 0.5 0.004 0.001 -0.003 0.141 0.098 0.177 0.214 0.154 0.275
50 0.4 0.002 0.001 0.001 0.103 0.079 0.131 0.156 0.120 0.203
100 0.6 0.000 0.000 0.000 0.073 0.046 0.092 0.110 0.070 0.142
200 0.3 -0.001 -0.001 0.000 0.056 0.047 0.071 0.083 0.070 0.109
400 0.7 0.000 0.000 0.000 0.039 0.022 0.051 0.059 0.032 0.077
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.017 0.019 0.014 0.064 0.072 0.058 0.120 0.123 0.111
50 0.4 0.014 0.014 0.013 0.057 0.059 0.056 0.108 0.110 0.105
100 0.6 0.011 0.010 0.008 0.054 0.053 0.049 0.102 0.105 0.098
200 0.3 0.011 0.010 0.011 0.051 0.054 0.051 0.103 0.101 0.099
400 0.7 0.011 0.009 0.011 0.052 0.053 0.050 0.101 0.101 0.102
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Table S.11: Simulation — ATT(t) = 0.0, ¢ > 1, non-constant A,

n A, DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.5 0.005 0.003 -0.002 0.174 0.119 0.218 0.269 0.190 0.347
50 0.4 0.000 0.001 -0.003 0.121 0.097 0.164 0.183 0.150 0.255
100 0.6 0.001 0.000 -0.002 0.105 0.059 0.118 0.158 0.088 0.182
200 0.3 -0.001 -0.001 0.000 0.063 0.058 0.089 0.095 0.087 0.136
400 0.7 0.000 0.000 0.001 0.068 0.028 0.063 0.101 0.040 0.096
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.024 0.022 0.017 0.078 0.074 0.068 0.142 0.131 0.130
50 0.4 0.017 0.014 0.016 0.070 0.062 0.066 0.130 0.123 0.127
100 0.6 0.016 0.012 0.014 0.066 0.060 0.063 0.123 0.115 0.121
200 0.3 0.015 0.012 0.013 0.059 0.060 0.058 0.114 0.113 0.112
400 0.7 0.013 0.012 0.014 0.059 0.055 0.059 0.107 0.104 0.111
MB MAD RMSE
25 0.5 0.003 -0.021 0.003 0.162 0.112 0.208 0.252 0.183 0.324
50 0.4 0.000 -0.014 -0.001 0.115 0.086 0.148 0.172 0.137 0.222
100 0.6 0.001 -0.005 -0.001 0.077 0.049 0.101 0.116 0.074 0.151
200 0.3 -0.001 -0.006 0.001 0.058 0.048 0.074 0.086 0.073 0.111
400 0.7 0.000 -0.001 0.001 0.040 0.022 0.051 0.059 0.033 0.077
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.024 0.033 0.021 0.083 0.088 0.082 0.141 0.148 0.143
50 0.4 0.018 0.024 0.019 0.071 0.079 0.073 0.131 0.135 0.132
100 0.6 0.015 0.015 0.016 0.062 0.065 0.066 0.120 0.118 0.124
200 0.3 0.014 0.015 0.016 0.056 0.063 0.064 0.107 0.115 0.117
400 0.7 0.011 0.011 0.016 0.053 0.056 0.061 0.102 0.103 0.112
MB MAD RMSE
25 0.5 0.003 0.002 -0.002 0.143 0.097 0.178 0.220 0.156 0.286
50 0.4 0.000 0.001 -0.003 0.106 0.079 0.132 0.160 0.122 0.207
100 0.6 0.001 0.000 -0.002 0.074 0.048 0.094 0.112 0.071 0.147
200 0.3 -0.001 -0.001 0.000 0.056 0.047 0.072 0.084 0.070 0.109
400 0.7 0.000 0.000 0.001 0.039 0.022 0.050 0.059 0.032 0.077
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.013 0.015 0.010 0.056 0.056 0.047 0.110 0.105 0.101
50 0.4 0.011 0.010 0.011 0.055 0.051 0.052 0.111 0.103 0.102
100 0.6 0.012 0.009 0.007 0.052 0.052 0.052 0.103 0.103 0.103
200 0.3 0.012 0.009 0.009 0.052 0.0561 0.048 0.100 0.099 0.102
400 0.7 0.010 0.010 0.011 0.050 0.051 0.051 0.098 0.097 0.097
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n An DiD SC BA DiD SC BA DiD SC BA
MB MAD RMSE
25 0.5 0.003 0.002 25.998 0.141 0.096 25.998 0.217 0.153 25.999
50 0.4 0.000 0.000 49.645 0.106 0.078 49.643 0.159 0.120 49.645
100 0.6 0.000 0.000 106.371 0.073 0.047 106.373 0.111 0.070 106.371
200 0.3 -0.001 -0.001 158.174 0.056 0.047 158.169 0.084  0.070 158.174
400 0.7 0.000 0.000 571.987 0.039 0.022 571.990 0.059 0.032 571.987
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.013 0.015 1.000 0.060 0.058 1.000 0.113 0.105 1.000
50 0.4 0.010 0.009 1.000 0.053 0.049 1.000 0.109 0.099 1.000
100 0.6 0.011 0.010 1.000 0.054 0.051 1.000 0.102 0.104 1.000
200 0.3 0.012 0.009 1.000 0.052 0.052 1.000 0.101 0.100 1.000
400 0.7 0.009 0.010 1.000 0.048 0.049 1.000 0.098 0.098 1.000
MB MAD RMSE
25 0.5 0.003 25.005 0.008 0.270  25.008 0.344  0.426 25.007 0.571
50 0.4 -0.002 59.995 0.000 0.195 59.998 0.242 0.296 59.995 0.385
100 0.6 0.004 80.002 -0.005 0.139 R0.002 0.176 0.212  80.002 0.275
200 0.3 -0.004 280.000 -0.001 0.091 280.001 0.119 0.138 280.000 0.179
400 0.7 0.000 240.000 0.000 0.065 240.000 0.085 0.098 240.000 0.127
Rej. 1% Rej. 5% Rej. 10%
25 0.5 0.015 1.000 0.016 0.066 1.000 0.068 0.124 1.000 0.132
50 0.4 0.012 1.000 0.014 0.060 1.000 0.064 0.117 1.000 0.121
100 0.6 0.012 1.000 0.010 0.057 1.000 0.056 0.114 1.000 0.108
200 0.3 0.012 1.000 0.010 0.053 1.000 0.055 0.107 1.000 0.104
400 0.7 0.011 1.000 0.010 0.053 1.000 0.050 0.108 1.000 0.099
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