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S.1 Proofs of results in the main text

S.1.1 Proof of Theorem 1

First, by the strict monotonicity (invertibility) of Φ(·) assumed in Assumption 1,

FYs(0)|Gg=0,Gg+Gh=1(y) = Φ
(
αh
s (y)

)
⇐⇒ αh

s (y) = Φ−1
(
Fhs(y)

)
.

Here and below, within the event Gg + Gh = 1, the condition Gg = 0 selects comparison group h.
Hence Fhs(y) = FYs(0)|Gg=0,Gg+Gh=1(y) is identified from the data sampling process, and Φ(·) is a
known strictly increasing function. αh

s (y) is therefore identified for every y ∈ Y .
Second, by Assumption 1, FYs(0)|Gg=1,Gg+Gh=1(y) = Φ

(
αh
s (y) + βgh

s (y)
)
. Since Gg = 1 selects the

treated group in the pairwise comparison sample, FYs(0)|Gg=1,Gg+Gh=1(y) = FYs(0)|Gg=1(y). FYs(0)|Gg=1(y)
is not identified from the data sampling process, but thanks to the no-anticipation (Assumption 2),
namely, FYs(0)|Gg=1(y) = FYs(1)|Gg=1(y) = Fgs(y) for all y ∈ Y . Thus, by the invertibility of Φ(·) as-
sumed in Assumption 1, Fgs(y) = Φ

(
αh
s (y) + βgh

s (y)
)
⇐⇒ βgh

s (y) = Φ−1(Fgs(y))−αh
s (y). As α

h
s (y) is

identified from the preceding step for every y ∈ Y and Fgs(y) is identified from the sampling process
for every y ∈ Y , βgh

s (y) is identified for every y ∈ Y .
Third, it remains to identify γhst(y) for every y ∈ Y . By the invertibility assumption in Assump-

tion 1 for comparison group h,

FYt(0)|Gg=0,Gg+Gh=1(y) = Fht(y) = Φ(αh
s (y) + γhst(y)) ⇐⇒ γhst(y) = Φ−1(Fht(y))− αh

s (y).

Fht(y) is identified from the data sampling process for every y ∈ Y , and αh
s (y) is identified from the

first step for every y ∈ Y ; γhst(y) is thus identified for every y ∈ Y .
Putting the above three steps together,

(
αh
s (y), β

gh
s (y), γhst(y)

)′
, y ∈ Y is identified for Φ(·) as-

sumed known in Assumption 1. Moreover, FYt(0)|Gg=1(y) = FYt(0)|Gg=1,Gg+Gh=1(y) because Gg = 1
selects the treated group in the pairwise comparison sample. Therefore, FYt(0)|Gg=1(y) is identified:

FYt(0)|Gg=1(y) =Φ
(
αh
s (y) + βgh

s (y) + γhst(y)
)

=Φ
(
Φ−1

(
Fgs(y)

)
+ Φ−1

(
Fht(y)

)
− Φ−1

(
Fhs(y)

))
.

S.1.2 An empirical process building block

For any (g, t) ∈ G × [−T : T ], define the empirical process

H̃gt(y) :=
√
N
(
F̂gt − Fgt

)
(y), y ∈ Y .

Empirical processes of the form H̃gt(y) constitute the fundamental building blocks of the asymptotic
theory in this paper. The following lemma states a standard weak convergence result for such
processes.
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Lemma 1. Under Assumptions 3 and 4, the process H̃gt converges weakly to a tight Gaussian process,

H̃gt ⇝ Ggt in ℓ∞(Y),

for every (g, t) ∈ G × [−T : T ]. The limiting process Ggt has mean zero and covariance function
Ωgt(y1, y2) defined on Y × Y. An explicit expression for the covariance function is provided in the
proof.

Proof: First, obtain the asymptotically linear expression of H̃gt(y).
Recall

Fgt(y) := P(Yt ≤ y | G = g).

Since St ⊥⊥ (Yt, G) under Assumption 3, one has

P(Yt ≤ y | G = g) = P(Yt ≤ y | G = g, St = 1),

which is directly identified from the data sampling process. Thus, under the independence condition
in Assumption 3 and the regularity conditions of Assumption 4,

Fgt(y) =
E
[
St1{G = g}1{Yt ≤ y}

]
E
[
St1{G = g}

] =
1

πtpg
E
[
St1{G = g}1{Yt ≤ y}

]
.

The natural sample analogue of Fgt has the convenient expression

F̂gt(y) :=
1

π̂tp̂g

1

N

N∑
j=1

Sjt1{Gj = g}1{Yjt ≤ y}

using observations in period t ∈ [−T : T ]. Recall π̂t = N−1
N∑
j=1

Sjt and p̂g = N−1
∑N

j=1 1{Gj = g}.

πt = E[π̂t] and pg = E[p̂g] under the i.i.d. sampling condition of Assumption 3.
Then,

F̂gt(y)− Fgt(y) =
1

N

N∑
j=1

{ 1

π̂tp̂g
Sjt1{Gj = g}1{Yjt ≤ y} − 1

πtpg
E
[
St1{G = g}1{Yt ≤ y}

]}
.

The following decomposition holds:

√
N
(
F̂gt − Fgt

)
(y) =

1

πtpg
√
N

N∑
j=1

(
Sjt1{Gj = g}1{Yjt ≤ y} − E

[
St1{G = g}1{Yt ≤ y}

])
− Fgt(y)

πt
√
N

N∑
j=1

(
Sjt − πt

)
− Fgt(y)

pg
√
N

N∑
j=1

(
1{Gj = g} − pg

)
+ R̂gt(y)

where the remainder term is given by

R̂gt(y) := −
√
N(π̂tp̂g − πtpg)

π̂tp̂g
· 1

πtpg

1

N

N∑
j=1

(
Sjt1{Gj = g}1{Yjt ≤ y} − E

[
St1{G = g}1{Yt ≤ y}

])
+

Fgt(y)

πtpg

√
N
(π̂tp̂g − πtpg)

2

π̂tp̂g
− Fgt(y)

πtpg

√
N(π̂t − πt)(p̂g − pg) =: R̂(1)

gt (y) + R̂(2)
gt (y) + R̂(3)

gt (y).
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It is shown that sup
y∈Y

|R̂gt(y)| = op(1). First, by Assumption 3, p̂g = 1
N

∑N
j=1 1{Gj = g} is the

sample mean of i.i.d. Bernoulli random variables with mean pg. Hence p̂g
p−→ pg, and

√
N(p̂g − pg) =

Op(1). Since pg ∈ (0, 1) by Assumption 4, it follows that 1/p̂g = Op(1). Likewise, since π̂t =
1
N

∑N
j=1 Sjt and πt ∈ (0, 1], one has π̂t

p−→ πt,
√
N(π̂t − πt) = Op(1), and 1/π̂t = Op(1). Therefore,

π̂tp̂g − πtpg = πt(p̂g − pg) + pg(π̂t − πt) + (π̂t − πt)(p̂g − pg) = Op(N
−1/2), and so

√
N(π̂tp̂g − πtpg)

π̂tp̂g
= Op(1). (S.1)

Next, define fy(Wj) := Sjt1{Gj = g}1{Yjt ≤ y}, y ∈ Y . The class {fy : y ∈ Y} is uniformly
bounded and VC-subgraph. Hence, by the Glivenko–Cantelli theorem,

sup
y∈Y

∣∣∣∣∣ 1N
N∑
j=1

(
fy(Wj)− E[fy(Wj)]

)∣∣∣∣∣ = op(1).

Therefore,

sup
y∈Y

|R̂(1)
gt (y)| ≤

∣∣∣∣∣
√
N(π̂tp̂g − πtpg)

π̂tp̂g

∣∣∣∣∣ 1

πtpg
sup
y∈Y

∣∣∣∣∣ 1N
N∑
j=1

(
fy(Wj)− E[fy(Wj)]

)∣∣∣∣∣
= Op(1) · op(1) = op(1).

Next, since 0 ≤ Fgt(y) ≤ 1, sup
y∈Y

|R̂(2)
gt (y)| ≤

1

πtpg

∣∣∣∣ 1

π̂tp̂g

∣∣∣∣√N(π̂tp̂g − πtpg
)2
. Because π̂tp̂g − πtpg =

Op(N
−1/2) and 1/(π̂tp̂g) = Op(1), it follows that sup

y∈Y
|R̂(2)

gt (y)| = Op(N
−1/2) = op(1).

Finally, again using 0 ≤ Fgt(y) ≤ 1, sup
y∈Y

|R̂(3)
gt (y)| ≤

1

πtpg

√
N |π̂t − πt| |p̂g − pg|. Since π̂t − πt =

Op(N
−1/2) and p̂g − pg = Op(N

−1/2), one obtains sup
y∈Y

|R̂(3)
gt (y)| = Op(N

−1/2) = op(1).

Combining the three bounds via the triangle inequality yields

sup
y∈Y

|R̂gt(y)| ≤ sup
y∈Y

|R̂(1)
gt (y)|+ sup

y∈Y
|R̂(2)

gt (y)|+ sup
y∈Y

|R̂(3)
gt (y)| = op(1).

From the foregoing,

√
N
(
F̂gt − Fgt

)
(y) =

1√
N

N∑
j=1

ψgt(Wj; y) + op(1), (S.2)

where

ψgt(Wj; y) =
(Sjt1{Gj = g}1{Yjt ≤ y}

πtpg
− Fgt(y)

)
− Fgt(y)

πt

(
Sjt − πt

)
− Fgt(y)

pg

(
1{Gj = g} − pg

)
,

since E
[
St1{G = g}1{Yt ≤ y}

]
= πtpgFgt(y) under Assumption 3.

Consider the function class Zgt :=
{
ψgt(·; y) : y ∈ Y

}
. Recall Yt denotes the generic observed

outcome at period t. The class {1{Yt ≤ y} : y ∈ Y} is VC-subgraph (van der Vaart andWellner, 1996,
Example 2.5.4). Since St1{G = g} is a bounded measurable multiplier, it follows that

{
St1{G =

g}1{Yt ≤ y} : y ∈ Y
}

is again VC-subgraph, hence P -Donsker. Moreover, Fgt(y) is a bounded
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deterministic function of y, and St−πt and 1{G = g}−pg are bounded random variables not indexed
by y. Therefore, by the preservation of Donsker classes under centring, bounded multipliers, and finite
linear combinations, Zgt is P -Donsker; see, e.g., van der Vaart and Wellner (1996, Sections 2.6.5 and
2.10).

Hence, the P -Donsker property of Zgt implies that the empirical process{
1√
N

N∑
j=1

ψgt(Wj; y) : y ∈ Y

}

is asymptotically equicontinuous and converges weakly in ℓ∞(Y); see Kosorok (2007, Theorem 2.1).
In particular, for any finite collection y1, . . . , yL ∈ Y , the vector(

1√
N

N∑
j=1

ψgt(Wj; yℓ)

)L

ℓ=1

satisfies a multivariate central limit theorem by Assumption 3 and the boundedness of ψgt(Wj; y), and

the Donsker property supplies the required asymptotic equicontinuity. Therefore,
√
N
(
F̂gt − Fgt

)
⇝

Ggt in ℓ∞(Y), for a tight mean-zero Gaussian process Ggt. Its covariance function is

Ωgt(y1, y2) := E
[
ψgt(W ; y1)ψgt(W ; y2)

]
, (y1, y2) ∈ Y × Y .

S.1.3 Proof of Theorem 2

Part (a): This part follows directly from Lemma 1 as FYt(1)|Gg=1(y) is identified from the data
sampling process: FYt(1)|Gg=1(y) = Fgt(y).

Part (b): Recall the estimator of the counterfactual distribution F̂Yt(0)|Gg=1(y) = Φ
(
α̂h
s (y)+β̂

gh
s (y)+

γ̂hst(y)
)
. From the identification result, namely Theorem 1,

FYt(0)|Gg=1(y) = Φ
(
Φ−1(Fgs(y)) + Φ−1(Fht(y))− Φ−1(Fhs(y))

)
.

Define the function
hCF (a) := Φ

(
Φ−1(a1) + Φ−1(a2)− Φ−1(a3)

)
where a := (a1, a2, a3)

′. By the continuous differentiability and dominance conditions on Φ(·) and
Φ−1(·) in Assumption 5, the induced composition map from ℓ∞(Y)3 to ℓ∞(Y) is Hadamard differen-
tiable and the functional delta method (van der Vaart and Wellner (1996, Examples 3.9.2, Lemma
3.9.3, and Theorem 3.9.4)) applies uniformly over y ∈ Y :

√
N
(
F̂Yt(0)|Gg=1 − FYt(0)|Gg=1

)
(y) =∇hCF

(Fgs(y),Fht(y),Fhs(y))

×
√
N
(
(F̂gs − Fgs)(y), (F̂ht − Fht)(y), (F̂hs − Fhs)(y)

)
+ op(1)

=∇hCF

(
Fgs(y),Fht(y),Fhs(y)

)
×
(
H̃gs(y), H̃ht(y), H̃hs(y)

)′
+ op(1)

=∇gs(y)H̃gs(y) +∇ht(y)H̃ht(y)−∇hs(y)H̃hs(y) + op(1)
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uniformly in y ∈ Y where

∇hCF

(
Fgs(y),Fht(y),Fhs(y)

)
=ϕ
(
Φ−1

(
Fgs(y)

)
+ Φ−1

(
Fht(y)

)
− Φ−1

(
Fhs(y)

))
×
(

1

ϕ
(
Φ−1(Fgs(y))

) , 1

ϕ
(
Φ−1(Fht(y))

) , − 1

ϕ
(
Φ−1(Fhs(y))

))
= :

(
∇gs(y),∇ht(y),−∇hs(y)

)
is the gradient row vector of hCF and ϕ(b) := dΦ(b)/db.

Under the regularity conditions of Assumption 5, sup
y∈Y

max
{
∇gs(y),∇ht(y),∇hs(y)

}
≤ C2 < ∞.

In addition to (S.2), one has

√
N
(
F̂Y hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=
1√
N

N∑
j=1

{
∇gs(y)ψgs(Wj; y) +∇ht(y)ψht(Wj; y)−∇hs(y)ψhs(Wj; y)

}
+ op(1)

= :
1√
N

N∑
j=1

Ψhs
gt (Wj; y) + op(1) (S.3)

with E
[
Ψhs

gt (W ; y)
]
= 0 ∀y ∈ Y and sup

y∈Y
E|Ψhs

gt (W ; y)|2 < ∞ under the conditions of Lemma 1 and

Assumption 5. This implies that under the sampling conditions of Assumption 3, the Multivariate
Lindeberg–Lévy Central Limit Theorem applies:

( 1√
N

N∑
j=1

Ψhs
gt (Wj; y1), . . . ,

1√
N

N∑
j=1

Ψhs
gt (Wj; yL)

)′
converges in distribution to the multivariate normal with the (l, l′)’th entry of the covariance matrix:
E
[
Ψhs

gt (W ; yl)Ψ
hs
gt (W ; yl′)

]
for every finite collection

{
yl : 1 ≤ l ≤ L

}
⊂ Y .

Consider the indexing class
Zhs

gt :=
{
Ψhs

gt (·; y) : y ∈ Y
}
.

By Lemma 1, for each (g, t) ∈ G × [−T : T ], the class {ψgt(·; y) : y ∈ Y} is P -Donsker. Under the
boundedness conditions in Assumption 4 and Assumption 5 (in particular, pg, πt bounded away from
zero) and supy∈Y |∇gs(y)|+supy∈Y |∇ht(y)|+supy∈Y |∇hs(y)| <∞, it follows that Zhs

gt is obtained from
a finite linear combination of P -Donsker classes with bounded multipliers. Hence Zhs

gt is P -Donsker
and the corresponding empirical process{

1√
N

N∑
j=1

Ψhs
gt (Wj; y) : y ∈ Y

}

is asymptotically equicontinuous and converges weakly in ℓ∞(Y).
Combining the foregoing yields the weak convergence result in ℓ∞(Y) (Kosorok, 2007, Theorem

2.1). Therefore, the empirical process
√
N
(
F̂Y hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
converges to a tight mean-zero

Gaussian process, namely Ghs
gt . Under Assumption 3, the covariance function of Ghs

gt is given by

Ωhs
gt (y1, y2) := E

[
Ψhs

gt (W ; y1)Ψ
hs
gt (W ; y2)

]
.
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Part (c): From parts (a) and (b) above, in addition to (S.2) and (S.3),

√
N
(
D̂TT

hs

gt −DTTgt

)
(y) =

√
N
(
F̂Yt(1)|Gg=1 − FYt(1)|Gg=1

)
(y)−

√
N
(
F̂Y hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=
1√
N

N∑
j=1

{
ψgt(Wj; y)−Ψhs

gt (Wj; y)
}
+ op(1)

= :
1√
N

N∑
j=1

Υhs
gt

(
Wj; y

)
+ op(1)

⇝ Hhs
gt

using the sequence of arguments akin to part (b) above and Lemma 1. The associated function class is
P -Donsker by closure under finite sums of P -Donsker classes with bounded coefficients, so the corre-
sponding empirical process is asymptotically equicontinuous and converges weakly in ℓ∞(Y). Thanks
to Assumption 3, the covariance function of Hhs

gt is given by Σhs
gt (y1, y2) := E

[
Υhs

gt

(
W ; y1

)
Υhs

gt

(
W ; y2

)]
.

S.1.4 Proof of Corollary 1

Because I is finite, the joint expansion in Assumption 6 implies that the estimated-weight contri-

bution is finite-dimensional and tight. Products of the form
√
N(ω̂−ω)(F̂ −F ) are op(1) uniformly

over Y , since
√
N(ω̂ − ω) = Op(1) jointly over I and the relevant first-stage DF or DTT estimation

error is op(1) uniformly over Y .

Part (a): The following asymptotically linear representation holds uniformly in y ∈ Y thanks to
Assumption 6 and Lemma 1:

√
N(F̂Yω̂(1) − FYω(1))(y) =

∑
(g,t,h,s)∈I

{
Fgt(y)

√
N
(
ω̂(g, t, h, s)− ω(g, t, h, s)

)
+ ω(g, t, h, s)×

√
N
(
F̂gt − Fgt

)
(y)

+
√
N
(
ω̂(g, t, h, s)− ω(g, t, h, s)

)(
F̂gt − Fgt

)
(y)
}

=
1√
N

N∑
j=1

{ ∑
(g,t,h,s)∈I

{
Fgt(y)Wj(g, t, h, s) + ω(g, t, h, s)ψgt(Wj; y)

}}
+ op(1)

= :
1√
N

N∑
j=1

Ψω(Wj; y) + op(1).

Following the sequence of arguments in Lemma 1, together with finite sums over I, the associated
class is P -Donsker and the corresponding empirical process is asymptotically equicontinuous. Thus,√
N(F̂Yω̂(1) − FYω(1)) converges weakly to a tight Gaussian process with mean 0, namely Gω. Under

Assumption 3, the covariance function is given by Ωω(y1, y2) := E
[
Ψω(W ; y1)Ψω(W ; y2)

]
.
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Part (b): The following asymptotically linear representation holds thanks to Assumption 6 and
part (b) of the proof of Theorem 2:
√
N(F̂Yω̂(0) − FYω(0))(y) =

∑
(g,t,h,s)∈I

{
FYt(0)|Gg=1(y)

√
N
(
ω̂(g, t, h, s)− ω(g, t, h, s)

)
+ ω(g, t, h, s)×

√
N
(
F̂Y hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)
}
+ op(1)

=
1√
N

N∑
j=1

{ ∑
(g,t,h,s)∈I

{
FYt(0)|Gg=1(y)Wj(g, t, h, s) + ω(g, t, h, s)Ψhs

gt (Wj; y)
}}

+ op(1)

= :
1√
N

N∑
j=1

ΨC
ω (Wj; y) + op(1).

Following the sequence of arguments in part (b) of the proof of Theorem 2, together with finite
sums over I, the associated class is P -Donsker and the corresponding empirical process is asymp-
totically equicontinuous. Thus,

√
N
(
F̂Yω̂(0) − FYω(0)

)
converges weakly to a tight Gaussian process

with mean 0, namely GC
ω . Under Assumption 3, the covariance function is given by ΩC

ω (y1, y2) :=
E
[
ΨC

ω (W ; y1)Ψ
C
ω (W ; y2)

]
.

Part (c): The following asymptotically linear representation holds thanks to Assumption 6 and
part (c) of the proof of Theorem 2:
√
N
(
D̂TTω̂ −DTTω

)
(y) =

∑
(g,t,h,s)∈I

{
DTTgt(y)

√
N
(
ω̂(g, t, h, s)− ω(g, t, h, s)

)
+ ω(g, t, h, s)×

√
N
(
D̂TT

hs

gt −DTTgt

)
(y)
}
+ op(1)

=
1√
N

N∑
j=1

{ ∑
(g,t,h,s)∈I

{
DTTgt(y)Wj(g, t, h, s) + ω(g, t, h, s)Υhs

gt (Wj; y)
}}

+ op(1)

= :
1√
N

N∑
j=1

Υω(Wj; y) + op(1).

Thus, following the Donsker and asymptotic-equicontinuity arguments in the proof of parts (b) and
(c) of Theorem 2, in addition to part (b) above:

√
N
(
D̂TTω̂ −DTTω

)
⇝ Hω,

where Hω is a tight mean-zero Gaussian process. Thanks to Assumption 3, the covariance function

is given by Σω(y1, y2) := E
[
Υω

(
W ; y1

)
Υω

(
W ; y2

)]
.

S.1.5 Proof of Theorem 3

Let F̂ denote an estimator of a functional F defined on Y , e.g., FYt(0)|Gg=1, DTTgt, FYω(0), or
DTTω. From the uniform asymptotic linear representations established in Lemma 1, Theorem 2, and
Corollary 1, there exists a measurable influence function ΨF (W ; y) such that

√
N
(
F̂ − F

)
(y) =

1√
N

N∑
j=1

ΨF (Wj; y) + op(1) in ℓ∞(Y),
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where the associated function class {ΨF (·; y) : y ∈ Y} is P–Donsker, has mean zero, and is square
integrable.

Consider the exchangeable bootstrap analogue satisfying the uniform expansion

√
N
(
F̂ ∗ − F̂

)
(y) =

1√
N

N∑
j=1

(ξNj − ξ̄N)ΨF (Wj; y) + op(1) in ℓ∞(Y). (S.4)

This representation follows from the uniform asymptotic linearity of F̂ and the exchangeably weighted
bootstrap theorem of van der Vaart and Wellner (1996, Theorem 3.6.13), applied under the exchange-
ability, moment, sample-variance, and sample-mean requirements stated in the bootstrap subsection.
Conditional on the data, the bootstrap empirical process

1√
N

N∑
j=1

(ξNj − ξ̄N)ΨF (Wj; ·)

converges weakly in probability in ℓ∞(Y) to the same tight Gaussian limit as the original empirical

process. Hence, the exchangeable bootstrap consistently estimates the law of
√
N(F̂ −F ) uniformly

over Y .

S.1.6 Proof of Theorem 4

Part (a): (i) Since the admissible representations satisfy a joint uniform asymptotic linear represen-

tation, the stacked process
√
N
(
F̂Yt(0)|Gg=1−FYt(0)|Gg=1

)
is tight in ℓ∞(Y)Kgt , where FYt(0)|Gg=1(y) :=(

FY hs
t (0)|Gg=1(y)

)′
(h,s)∈Igt

∈ RKgt . The map induced by B′gt is continuous and linear, so under H0 and

for every y ∈ Y ,

Ẑgt(y) =
√
N B′gt F̂Yt(0)|Gg=1(y)

=
√
N B′gt

(
F̂Yt(0)|Gg=1 − FYt(0)|Gg=1

)
(y) +

√
N B′gtFYt(0)|Gg=1(y)

H0=
√
N B′gt

(
F̂Yt(0)|Gg=1 − FYt(0)|Gg=1

)
(y) +

√
N B′gt 1KgtF

0
gt(y)

=
√
N B′gt

(
F̂Yt(0)|Gg=1 − FYt(0)|Gg=1

)
(y),

where 1Kgt is a Kgt × 1 vector of ones and F 0
gt(y) denotes the common value of the admissible

representations under H0. The third equality holds under H0 since FYt(0)|Gg=1(y) = 1KgtF
0
gt(y), ∀y ∈

Y , and the fourth uses B′gt 1Kgt = 0Lgt , since each column of Bgt contains one entry equal to 1,
one entry equal to −1, and zeroes elsewhere, so B′gt annihilates vectors that are constant across

admissible representations. It then follows that Ẑgt converges weakly in ℓ∞(Y)Lgt to Zgt := B′gtZgt,

where Zgt(y) :=
(
Ghs

gt (y)
)′
(h,s)∈Igt

(see Theorem 2(b)) denotes the mean-zero tight Gaussian limit of the

stacked process, with covariance kernel Cov
(
Zgt(y1),Zgt(y2)

)
∈ RKgt×Kgt . Since Zgt(y) = B′gt Zgt(y),

the process Zgt is mean-zero tight Gaussian in ℓ∞(Y)Lgt with covariance kernel

Cov(Zgt(y1),Zgt(y2)) = B′gtCov
(
Zgt(y1),Zgt(y2)

)
Bgt ∈ RLgt×Lgt .

Equivalently, the column of Bgt associated with distinct elements (h, s) and (h′, s′) yields the pairwise
contrast

Ẑgt(y)(h,s),(h′,s′) =
1√
N

N∑
j=1

(
Ψhs

gt (Wj; y)−Ψh′s′

gt (Wj; y)
)
+ op(1)
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under H0.
(ii) Consider the following decomposition:

ĈvMgt =

∫
Y
∥Ẑgt(y)∥22 Ĥ(dy)

=

∫
Y
∥Ẑgt(y)∥22H(dy) +

∫
Y
∥Ẑgt(y)∥22 (Ĥ −H)(dy)

For fixed H, the map z 7→
∫
Y
∥z(y)∥22H(dy) is continuous on ℓ∞(Y)Lgt under the supremum norm,

since ∣∣∥a∥22 − ∥b∥22
∣∣ ≤ ∥a− b∥2

(
∥a∥2 + ∥b∥2

)
.

Thus, the weak convergence result in part (i) and the continuous mapping theorem imply∫
Y
∥Ẑgt(y)∥22H(dy)

d−→
∫
Y
∥Zgt(y)∥22H(dy).

For the empirical weighting measure used here, Ĥ is an empirical CDF; hence sup
y∈Y

∣∣(Ĥ −H
)
(y)
∣∣ =

op(1) by the sampling condition in Assumption 3 and the Glivenko-Cantelli Theorem (van der Vaart,

2000, Theorem 19.1). The condition

∫
Y
∥Ẑgt(y)∥22

(
Ĥ −H

)
(dy) = op(1) follows from the asymptotic

equicontinuity and boundedness of the process, using the argument in the concluding part of the

proof of Corollary 1 in Sant’Anna and Song (2019). Therefore, ĈvMgt
d−→
∫
Y
∥Zgt(y)∥22H(dy).

(iii) By the continuous mapping theorem together with part (i) above, the conclusion follows from
van der Vaart and Wellner (1996, Theorem 1.3.6).

Part (b): Under Han, for each pair (h, s) < (h′, s′),

Ẑgt(y)(h,s),(h′,s′) =
√
N
(
F̂Y hs

t (0)|Gg=1 − F̂Y h′s′
t (0)|Gg=1

)
(y)

=
√
N
(
F̂Y hs

t (0)|Gg=1 − F 0
gt

)
(y)−

√
N
(
F̂Y h′s′

t (0)|Gg=1 − F 0
gt

)
(y)

=
√
N
(
F̂Y hs

t (0)|Gg=1 − FY hs
t (0)|Gg=1

)
(y)−

√
N
(
F̂Y h′s′

t (0)|Gg=1 − FY h′s′
t (0)|Gg=1

)
(y)

+ ϱhsgt (y)− ϱh
′s′

gt (y)

=
1√
N

N∑
j=1

(
Ψhs

gt (Wj; y)−Ψh′s′

gt (Wj; y)
)
+
(
ϱhsgt (y)− ϱh

′s′

gt (y)
)
+ op(1).

Stacking these pairwise drifts over all columns of Bgt gives ∆gt(y) = B′gtRgt(y). The conclusion then
follows from the above decomposition and part (a)(i) above.

Part (c): The KS conclusion follows from a direct lower-bound argument. Under a fixed alternative,
there exists at least one pair (h, s) < (h′, s′) ∈ Igt and y

† ∈ Y such that∣∣∣(FY hs
t (0)|Gg=1 − FY h′s′

t (0)|Gg=1

)
(y†)

∣∣∣ > 0.
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The estimation error in the corresponding pairwise contrast is Op(1) after multiplication by
√
N ,

whereas the fixed discrepancy contributes

√
N
∣∣∣(FY hs

t (0)|Gg=1 − FY h′s′
t (0)|Gg=1

)
(y†)

∣∣∣→ ∞

as N → ∞. Therefore, K̂Sgt
p−→ ∞.

For the CvM statistic, let dhs,h
′s′

gt (y) := FY hs
t (0)|Gg=1(y)−FY h′s′

t (0)|Gg=1(y). If

∫
Y

(
dhs,h

′s′

gt (y)
)2
H(dy) >

0 for some admissible pair, then empirical-measure consistency gives∫
Y

(
dhs,h

′s′

gt (y)
)2
Ĥ(dy) =

∫
Y

(
dhs,h

′s′

gt (y)
)2
H(dy) + op(1).

The corresponding component of the statistic contains

N

∫
Y

(
dhs,h

′s′

gt (y)
)2
H(dy) +Op(

√
N) +Op(1),

up to an additional op(N) term from replacing H by Ĥ. Since the leading deterministic term is of

order N and strictly positive, while the remaining terms are of smaller stochastic order, ĈvMgt
p−→ ∞.

Part (d): Using (S.4), the (h, s) < (h′, s′)-th entry of the bootstrapped process has the following
representation:

Ẑ∗gt(y)(h,s),(h′,s′) =
√
N
(
F̂∗Y hs

t (0)|Gg=1 − F̂Y hs
t (0)|Gg=1

)
(y)−

√
N
(
F̂∗
Y h′s′
t (0)|Gg=1

− F̂Y h′s′
t (0)|Gg=1

)
(y)

=
1√
N

N∑
j=1

(ξNj − ξ̄N)
(
Ψhs

gt (Wj; y)−Ψh′s′

gt (Wj; y)
)
+ op(1).

Stacking the pairwise contrasts over all columns of Bgt gives

Ẑ∗gt(y) =
1√
N

N∑
j=1

(ξNj − ξ̄N)B
′
gtΨgt(Wj; y) + op(1) in ℓ∞(Y)Lgt ,

where Ψgt(Wj; y) :=
(
Ψhs

gt (Wj; y)
)
(h,s)∈Igt

. By (S.4) and the exchangeably weighted bootstrap theo-

rem applied to the joint uniform asymptotic linear representation of the admissible counterfactual
estimators,

Ẑ∗gt
P
⇝
ξ
Zgt in ℓ∞(Y)Lgt .

The bootstrap KS conclusion follows by the continuous mapping theorem applied to z 7→ sup
y∈Y

∥z(y)∥∞.

For the CvM statistic, the map z 7→
∫
Y
∥z(y)∥22H(dy) is continuous along bounded uniformly contin-

uous sample paths. Replacing H by Ĥ is asymptotically negligible by the same asymptotic equicon-
tinuity and boundedness argument used in part (a), now applied conditionally to Ẑ∗gt. Hence

ĈvM
∗
gt

P
⇝
ξ

∫
Y
∥Zgt(y)∥22H(dy) and K̂S

∗
gt

P
⇝
ξ
sup
y∈Y

∥Zgt(y)∥∞.
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S.2 Extension - Covariates

Kim and Wooldridge (2025) employs an Inverse Probability Weighted (IPW) approach to intro-
ducing covariates, where the link function Φ(·) is the identity function. With possibly non-linear
link functions in the current paper, an IPW approach to introducing covariates is less direct. This
paper complements the Kim and Wooldridge (2025) approach by using an Outcome Regression ap-
proach via Distribution Regression (DR) — see also Fernández-Val, Meier, Vuuren, and Vella (2024).
Let p(X) ∈ Rpx denote a dictionary of transformations of a set of some elementary time-invariant
characteristics X, including the constant term 1, and px <∞ fixed.

S.2.1 Identification

The following states versions of Assumptions 1 and 2 that are conditional on pre-treatment
covariates X for a fixed group g at a post-treatment period t ≥ g using a valid control group h > t.

Assumption 1-X (Conditional Distributional Parallel Trends). For every y ∈ Y, every (g, t, h, s) ∈
I, and (d, ν) ∈ ({0, 1} × {s, t}), the following restriction and representation hold on the treated
covariate support, i.e., for PX|Gg=1-almost every x:

FYν(0)|X=x,Gg=d,Gg+Gh=1(y) = Φ
(
p(x)

(
αh

s (y) + dβgh
s (y) + 1{ν = t}γh

st(y)
))
.

Observe in this case that
(
αh

s (y)
′,βgh

s (y)′,γh
st(y)

′)′ ∈ R3px . Similarly, the conditional distributional
no-anticipation condition is stated as follows.

Assumption 2-X (Conditional Distributional No-Anticipation). For every y ∈ Y, every g ∈ G \
{∞}, and any s ∈ [−T : (g − 1)],

FYs(1)|X=x,Gg=1(y) = FYs(0)|X=x,Gg=1(y) for PX|Gg=1 − a.e. x.

Assumptions 1-X and 2-X constitute weaker forms of Assumptions 1 and 2 as they only require
that the distributional parallel trends and no-anticipation conditions hold in sub-populations charac-
terised by X = x but not necessarily unconditionally. The overlap condition below ensures that the
comparison-group conditional distributions are defined on the treated covariate support. Further, by
using dictionaries of transformations of X, namely p(X), Assumptions 1-X and 2-X are more likely
to hold in given applications.

The following provides a suitable overlap condition that applies to the current setting.

Assumption 1 (Overlap). For every (g, t) ∈ G \ {∞}× [g : T ] and any h ∈
(
G \ [1 : t]

)
, P(Gg = 1 |

X, Gg +Gh = 1) < (1− c) a.s. for some c ∈ (0, 1).

The following regularity condition concerns p(X).

Assumption 2 (No Perfect Collinearity). p(X) | G = g has full column rank almost surely on its
support for each group g ∈ G.

Let FX(·) and FX|Gg=1(·) denote, respectively, the joint unconditional and conditional CDFs of
X. The following extends Theorem 1 to the covariate setting.

Theorem 1 (Identification). Suppose Assumptions 1-X, 2-X, 1, and 2 hold. Then, for every y ∈ Y
and every (g, t, h, s) ∈ I,
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(a) the parameter vector
(
αh

s (y)
′,βgh

s (y)′,γh
st(y)

′)′ is identified;
(b) FYt(0)|X=x,Gg=1(y) is identified: FYt(0)|X=x,Gg=1(y) = Φ

(
p(x)

(
αh

s (y) + βgh
s (y) + γh

st(y)
))

; and

(c) FYt(0)|Gg=1(y) is identified: FYt(0)|Gg=1(y) = E
[
Φ
(
p(X)

(
αh

s (y) + βgh
s (y) + γh

st(y)
))∣∣∣Gg = 1

]
.

S.2.2 Estimation

Unlike the estimators introduced in the main text, which have closed-form expressions, the intro-
duction of covariates X does not lead to closed-form expressions. Estimation is therefore required,
for example by quasi-maximum-likelihood Distribution Regression (DR); see Wooldridge (2023) and
Chernozhukov, Fernandez-Val, and Melly (2013). One may estimate a binary response model with
working CDF Φ(·). This yields the distribution regression approach of Foresi and Peracchi (1995)
and Chernozhukov, Fernandez-Val, and Melly (2013). Under Assumption 2, and because the retained
cells are (g, s), (h, s), and (h, t), the regressors p(X), d p(X), and 1{ν = t}p(X) are not perfectly
collinear.

The following condition relies on the sampling condition in Assumption 3 with covariates included
in observed data, namely with the modification Wj :=

(
(Sjt, Yjt)t∈[−T :T ], Gj, Xj

)
.

Assumption 3-X (Random Sampling with X). The vectors
{
Wj :=

(
(Sjt, Yjt)t∈[−T :T ], Gj, Xj

)
:

1 ≤ j ≤ N
}
are independent and identically distributed with Sjt ⊥⊥ (Yjt(0), Yjt(1), Gj, Xj) for each

t ∈ [−T : T ]. In addition, E[∥p(X)∥4] <∞.

By the Law of Iterated Expectations (LIE), the conditions of Theorem 1, and Assumption 3-X,

FYt(0)|Gg=1(y) =E[1{Yt(0) ≤ y} | Gg = 1]

=E[1{Yt(0) ≤ y} | Gg = 1, St = 1]

=E
[
E
[
1{Yt(0) ≤ y} | Gg = 1, St = 1, X

]∣∣Gg = 1, St = 1
]

=E
[
E
[
1{Yt(0) ≤ y} | Gg = 1, X

]∣∣Gg = 1, St = 1
]

=

∫
FYt(0)|X=x,Gg=1(y)dFX|Gg=1,St=1(x)

=
1

πtpg
E
[
St1{G = g}Φ

(
p(X)

(
αh

s (y) + βgh
s (y) + γh

st(y)
))]

(S.5)

where the second and fourth equalities follow by the independence of observability St from (Yt(0), Gg, X)
(Assumption 3-X). The last equality shows that in practice, FYt(0)|Gg=1(y) is computed by averaging
FYt(0)|X=x,Gg=1(y) over x of the treated group g. The estimator of FYt(0)|Gg=1(y) with covariates using
control group h and pre-treatment period s is given by

F̂Y X,hs
t (0)|Gg=1(y) =

1

π̂tp̂gN

N∑
j=1

Sjt1{Gj = g}Φ
(
p(Xj)

(
α̂h

s (y) + β̂gh
s (y) + γ̂h

st(y)
))
, (S.6)

where the coefficients are obtained from fitting

FYν(0)|X=x,Gg=d,Gg+Gh=1(y) = Φ
(
p(x)αh

s (y) + dp(x)βgh
s (y) + 1{ν = t}p(x)γh

st(y)
)

via DR on the pooled sample {g, h} × {s, t} \ {(g, t)}. DTTgt(y) can subsequently be estimated as

D̂TT
X,hs

gt (y) = F̂gt(y)− F̂Y X,hs
t (0)|Gg=1(y).
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S.2.3 Asymptotic Theory

Consider the following high-level uniform (in Y) asymptotic linearity condition on the estimators:(
α̂h

s (y)
′, β̂gh

s (y)′, γ̂h
st(y)

′)′. This is a useful step in extending Theorem 2 to the covariate setting.

Assumption 3 (Asymptotic linear representation). For every y ∈ Y and every (g, t, h, s) ∈ I, the
estimators (

α̂h
s (y)

′, β̂gh
s (y)′, γ̂h

st(y)
′)′

admit the asymptotically linear representation

√
N

 α̂h
s (y)−αh

s (y)

β̂gh
s (y)− βgh

s (y)
γ̂h
st(y)− γh

st(y)

 =
1√
N

N∑
j=1

Sh
s (Wj; y)

Sgh
s (Wj; y)
Sh
st(Wj; y)

+ op(1),

where uniformly in y ∈ Y, the influence functions are mean zero, have bounded second moments,
and the collection

{
Sh
s (·; y), Sgh

s (·; y), Sh
st(·; y) : y ∈ Y

}
forms a P-Donsker class. In the covariate

extension, ϕ is continuously differentiable with derivative ϕ̇ that is bounded and Lipschitz.

Assumption 3 is a high-level regularity condition on the DR coefficient processes. Its validity is
established under primitive conditions in Chernozhukov, Fernandez-Val, and Melly (2013, Corollary
5.3 and Lemma E.3).

The following result extends Theorem 2 to the covariate setting.

Theorem 2. Suppose Assumptions 1-X, 2-X, 3-X, 4, 5, 2, 1, and 3 hold, then for every y ∈ Y and
every (g, t, h, s) ∈ I,

(a)
√
N
(
F̂Y X,hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
⇝ GX,hs

gt in ℓ∞(Y) and

(b)
√
N
(
D̂TT

X,hs

gt −DTTgt

)
⇝ HX,hs

gt in ℓ∞(Y)

where GX,hs
gt and HX,hs

gt are tight Gaussian processes with mean 0 and respective covariance kernels

ΩX,hs
gt (y1, y2) and ΣX,hs

gt (y1, y2) defined on Y × Y. The expressions of the covariance kernels are
provided in the proof.

Proofs of results in Appendix S.2

Proof of Theorem 1

Part (a): The proof of identification in the covariate setting proceeds along the same lines as that
of Theorem 1. Recall that αh

s (y), β
gh
s (y), and γh

st(y) are each vectors in Rpx . The argument follows
the same three-step structure as in the baseline gt-case, with the additional use of covariate variation.
In each step, strict monotonicity of Φ(·) and Assumption 2 ensure that the corresponding coefficient
vector is identified; see also the classical identification result of Manski (1988) for binary response
models.

Under Assumption 1-X and the overlap condition Assumption 1,

FYs(0)|X=x,Gg=0,Gg+Gh=1(y) = Φ
(
p(x)αh

s (y)
)
, PX|Gg=1 − a.e. x

for control group h and pre-treatment period s. Since Φ(·) is strictly increasing and p(X) has full
column rank, αh

s (y) is identified for every y ∈ Y .
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Under Assumption 1-X and the overlap condition Assumption 1,

FYt(0)|X=x,Gg=0,Gg+Gh=1(y) = Φ
(
p(x)(αh

s (y) + γh
st(y))

)
=: Φ

(
p(x)ηht(y)

)
, PX|Gg=1 − a.e. x

for all y ∈ Y with control group h and post-treatment period t. The identification of ηht(y) follows
from strict monotonicity of Φ(·) and Assumption 2. In particular, Φ

(
p(x)ηht(y)

)
= Φ

(
p(x)(αh

s (y) +
γh
st(y))

)
is equivalent to p(x)ηht(y) = p(x)

(
αh

s (y) + γh
st(y)

)
for PX|Gg=1-a.e. x and all y ∈ Y . By the

full rank condition on p(X) (Assumption 2) and because αh
s (y) is identified in the first step, γh

st(y)
is identified for every y ∈ Y : γh

st(y) = ηht(y)−αh
s (y).

Under Assumptions 1-X and 2-X,

FYs(0)|X=x,Gg=1(y) =FYs(1)|X=x,Gg=1(y) = FYs(1)|X=x,Gg=1,Gg+Gh=1(y)

=Φ
(
p(x)(αh

s (y) + βgh
s (y))

)
=: Φ

(
p(x)ηgs(y)

)
, PX|Gg=1 − a.e. x.

ηgs(y) is identified by arguments akin to those of ηht(y). Thus, β
gh
s (y) is identified for every y ∈ Y :

βgh
s (y) = ηgs(y)−αh

s (y).
The conclusion follows by combining the above three parts.

Part (b): This follows directly from the identification of
(
αh

s (y)
′,βgh

s (y)′,γh
st(y)

′)′ in part (a) and
Assumption 1-X.

Part (c): In addition to part (b), part (c) follows by integrating the identified conditional coun-
terfactual distribution over the covariate distribution of the treated group. Under Assumption 3-X,
observability is independent of (Yt(0), Gg, X), so the distribution of X among treated units is iden-
tified from observed treated units. Hence, FYt(0)|Gg=1(y) is identified for every y ∈ Y .

Proof of Theorem 2

Part (a): The proof of Theorem 2(a) is structured into several steps to facilitate the exposition of
the asymptotic results.
Influence function decomposition: Adopting the following short-hand notation: θ̂ghst (y) :=

α̂h
s (y) + β̂gh

s (y) + γ̂h
st(y) and θghst (y) := αh

s (y) + βgh
s (y) + γh

st(y), consider the following decompo-
sition using (S.5) and (S.6):
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√
N
(
F̂Y X,hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=
1√
N

N∑
j=1

{Sjt1{Gj = g}
π̂tp̂g

Φ
(
p(Xj)θ̂

gh
st (y)

)
− E

[St1{G = g}
πtpg

Φ
(
p(X)θghst (y)

)]}
=

1√
N

N∑
j=1

{Sjt1{Gj = g}
πtpg

(
Φ
(
p(Xj)θ̂

gh
st (y)

)
− Φ

(
p(Xj)θ

gh
st (y)

))}
− 1

N

N∑
j=1

{
Sjt1{Gj = g}Φ

(
p(Xj)θ

gh
st (y)

)}
×

√
N
(
π̂tp̂g − πtpg

)
πtpgπ̂tp̂g

+
1√
N

N∑
j=1

{Sjt1{Gj = g}Φ
(
p(Xj)θ

gh
st (y)

)
− E

[
St1{G = g}Φ

(
p(X)θghst (y)

)]
πtpg

}
−
√
N(π̂tp̂g − πtpg)

π̂tp̂g

1

N

N∑
j=1

{Sjt1{Gj = g}
πtpg

(
Φ
(
p(Xj)θ̂

gh
st (y)

)
− Φ

(
p(Xj)θ

gh
st (y)

))}
︸ ︷︷ ︸

R̂(1)
gt,X(y)

.

Observe the following decomposition of the term
√
N
(
π̂tp̂g − πtpg

)
πtpgπ̂tp̂g

=
1

πtpgπ̂t

√
N(π̂t − πt) +

1

pgπ̂tp̂g

√
N(p̂g − pg).

In addition to the differentiability of Φ(·) in Assumption 5, obtain the following decomposition:

√
N
(
F̂Y X,hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=
1

N

N∑
j=1

{Sjt1{Gj = g}
πtpg

ϕ
(
p(Xj)θ

gh
st (y)

)
p(Xj)

}√
N(θ̂ghst − θghst )(y)

− 1

N

N∑
j=1

{
Sjt1{Gj = g}Φ

(
p(Xj)θ

gh
st (y)

)}( 1

πtpgπ̂t

√
N(π̂t − πt) +

1

pgπ̂tp̂g

√
N(p̂g − pg)

)

+
1√
N

N∑
j=1

{Sjt1{Gj = g}Φ
(
p(Xj)θ

gh
st (y)

)
− E

[
St1{G = g}Φ

(
p(X)θghst (y)

)]
πtpg

}

−
√
N
(
π̂tp̂g − πtpg

)
π̂tp̂g

1

N

N∑
j=1

{Sjt1{Gj = g}
πtpg

(
Φ
(
p(Xj)θ̂

gh
st (y)

)
− Φ

(
p(Xj)θ

gh
st (y)

))}
︸ ︷︷ ︸

R̂(1)
gt,X(y)

+
1√
N

N∑
j=1

{Sjt1{Gj = g}
πtpg

(
Φ
(
p(Xj)θ̂

gh
st (y)

)
− Φ

(
p(Xj)θ

gh
st (y)

)
− ϕ

(
p(Xj)θ

gh
st (y)

)
p(Xj)(θ̂

gh
st − θghst )(y)

)}
︸ ︷︷ ︸

R̂(2)
gt,X(y)

.

(S.7)

Asymptotic negligibility of remainder terms: Let ∆gh
st (y) :=

(
θ̂ghst − θghst

)
(y). Observe that

sup
y∈Y

∥∆gh
st (y)∥ = op(1) and sup

y∈Y

√
N ∥∆gh

st (y)∥ = Op(1), under Assumption 3. It is first shown that

sup
y∈Y

∣∣R̂(1)
gt,X(y)

∣∣ = op(1). By the mean-value theorem and the boundedness of ϕ in Assumption 5,∣∣∣Φ(p(Xj)θ̂
gh
st (y)

)
− Φ

(
p(Xj)θ

gh
st (y)

)∣∣∣ ≤ C ∥p(Xj)∥ ∥∆gh
st (y)∥.
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In addition to the result

√
N
(
π̂tp̂g − πtpg

)
πtpgπ̂tp̂g

= Op(1), which holds under Assumptions 3 and 4 (see

(S.1)),

sup
y∈Y

∣∣R̂(1)
gt,X(y)

∣∣ ≤ ∣∣∣∣∣
√
N(π̂tp̂g − πtpg)

π̂tp̂g

∣∣∣∣∣ 1

πtpg

1

N

N∑
j=1

Sjt1{Gj = g} sup
y∈Y

∣∣∣Φ(p(Xj)θ̂
gh
st (y)

)
− Φ

(
p(Xj)θ

gh
st (y)

)∣∣∣
≤

∣∣∣∣∣
√
N(π̂tp̂g − πtpg)

π̂tp̂g

∣∣∣∣∣ C

πtpg

(
1

N

N∑
j=1

∥p(Xj)∥

)
sup
y∈Y

∥∆gh
st (y)∥.

Therefore, in addition to the moment condition on p(X) in Assumption 3-X, sup
y∈Y

∣∣R̂(1)
gt,X(y)

∣∣ = Op(1) ·

Op(1) · op(1) = op(1).

To handle R̂(2)
gt,X , apply Taylor’s theorem to ϑ 7→ Φ(p(Xj)ϑ). Since ϕ̇ is bounded under Assump-

tion 3, there exists a constant C <∞ such that, uniformly in y ∈ Y ,∣∣∣Φ(p(Xj)θ̂
gh
st (y)

)
− Φ

(
p(Xj)θ

gh
st (y)

)
− ϕ
(
p(Xj)θ

gh
st (y)

)
p(Xj)∆

gh
st (y)

∣∣∣ ≤ C∥p(Xj)∥2∥∆gh
st (y)∥2.

Therefore, using Assumption 3-X and Assumption 3,

sup
y∈Y

∣∣R̂(2)
gt,X(y)

∣∣ ≤ C√
N

N∑
j=1

Sjt1{Gj = g}
πtpg

∥p(Xj)∥2 sup
y∈Y

∥∆gh
st (y)∥2

= C
√
N

(
1

N

N∑
j=1

Sjt1{Gj = g}
πtpg

∥p(Xj)∥2
)
Op(N

−1) = op(1).

Since the remainder terms are asymptotically negligible uniformly in y ∈ Y , i.e., sup
y∈Y

∣∣R̂(1)
gt,X(y)

∣∣ =
op(1) and sup

y∈Y

∣∣R̂(2)
gt,X(y)

∣∣ = op(1), it follows from the decomposition in (S.7) that

√
N
(
F̂Y X,hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=
1

N

N∑
j=1

{Sjt1{Gj = g}
πtpg

ϕ
(
p(Xj)θ

gh
st (y)

)
p(Xj)

}√
N(θ̂ghst − θghst )(y)

− 1

N

N∑
j=1

{
Sjt1{Gj = g}Φ

(
p(Xj)θ

gh
st (y)

)}( 1

πtpgπ̂t

√
N(π̂t − πt) +

1

pgπ̂tp̂g

√
N(p̂g − pg)

)
+

1√
N

N∑
j=1

{Sjt1{Gj = g}Φ
(
p(Xj)θ

gh
st (y)

)
− E

[
St1{G = g}Φ

(
p(X)θghst (y)

)]
πtpg

}
+ op(1).

Asymptotic linearity: The next part of the proof studies the non-negligible summands of the
above in turn.

First, thanks to Assumption 3-X and Assumption 5, it follows from the Uniform Weak Law of
Large Numbers that

sup
y∈Y

∥∥∥∥∥ 1

N

N∑
j=1

{Sjt1{Gj = g}
πtpg

ϕ
(
p(Xj)θ

gh
st (y)

)
p(Xj)

}
− E

[
ϕ
(
p(X)θghst (y)

)
p(X) | Gg = 1

]∥∥∥∥∥ p−→ 0
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where E
[
ϕ
(
p(X)θghst (y)

)
p(X) | Gg = 1

]
= E

[St1{G = g}
πtpg

ϕ
(
p(X)θghst (y)

)
p(X)

]
under Assumption 3-

X. Also, under Assumption 3,

√
N(θ̂ghst − θghst )(y) =

1√
N

N∑
j=1

(
Sh
s (Wj; y) + Sgh

s (Wj; y) + Sh
st(Wj; y)

)
+ op(1).

Combining both terms gives uniformly in y ∈ Y :

1

N

N∑
j=1

{Sjt1{Gj = g}
πtpg

ϕ
(
p(Xj)θ

gh
st (y)

)
p(Xj)

}√
N(θ̂ghst − θghst )(y)

=E
[
ϕ
(
p(X)θghst (y)

)
p(X) | Gg = 1

] 1√
N

N∑
j=1

(
Sh
s (Wj; y) + Sgh

s (Wj; y) + Sh
st(Wj; y)

)
+ op(1).

Second, by Assumption 3-X and Assumption 4, it follows from the UWLLN and the continuous
mapping theorem that

1

N

N∑
j=1

{
Sjt1{Gj = g}Φ

(
p(Xj)θ

gh
st (y)

)}( 1

πtpgπ̂t

√
N(π̂t − πt) +

1

pgπ̂tp̂g

√
N(p̂g − pg)

)
=E
[
St1{G = g}Φ

(
p(X)θghst (y)

)]( 1

π2
t pg

√
N(π̂t − πt) +

1

πtp2g

√
N(p̂g − pg)

)
+ op(1)

=
FYt(0)|Gg=1(y)

πt

√
N(π̂t − πt) +

FYt(0)|Gg=1(y)

pg

√
N(p̂g − pg) + op(1)

Third, since
E
[
St1{G = g}Φ

(
p(X)θghst (y)

)]
πtpg

=

∫
FYt(0)|X=x,Gg=1(y) dFX|Gg=1, St=1(x) under As-

sumption 1-X and the independence of observability St from (Yt(0), Gg, X) (Assumption 3-X),

1√
N

N∑
j=1

{
Sjt1{Gj = g}Φ

(
p(Xj)θ

gh
st (y)

)
− E

[
St1{G = g}Φ

(
p(X)θghst (y)

)]
πtpg

}

=

∫
FYt(0)|X=x,Gg=1(y)

√
N
(
F̂X|Gg=1,St=1 − FX|Gg=1,St=1

)
(dx)

where F̂X|Gg=1,St=1 denotes the empirical conditional CDF.
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It therefore follows that

√
N
(
F̂Y X,hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=E
[
ϕ
(
p(X)θghst (y)

)
p(X) | Gg = 1

] 1√
N

N∑
j=1

(
Sh
s (Wj; y) + Sgh

s (Wj; y) + Sh
st(Wj; y)

)
︸ ︷︷ ︸

1√
N

∑N
j=1 Ψ

A
F,X(Wj ;y)

−
FYt(0)|Gg=1(y)

πt

1√
N

N∑
j=1

(Sjt − πt)−
FYt(0)|Gg=1(y)

pg

1√
N

N∑
j=1

(1{Gj = g} − pg)︸ ︷︷ ︸
1√
N

∑N
j=1 Ψ

B
F,X(Wj ;y)

+

∫
FYt(0)|X=x,Gg=1(y)

√
N
(
F̂X|Gg=1,St=1 − FX|Gg=1,St=1

)
(dx)︸ ︷︷ ︸

1√
N

∑N
j=1 Ψ

C
F,X(Wj ;y)

+op(1)

=:
1√
N

N∑
j=1

ΨX,hs
gt (Wj; y) + op(1).

Donsker property of the associated function class: The next step is to investigate the Donsker
property of the function class associated with ΨX,hs

gt (Wj; y). The map c(y) := E
[
ϕ
(
p(X)θghst (y)

)
p(X) |

Gg = 1
]
satisfies sup

y∈Y
∥c(y)∥ < ∞ under Assumption 5 and the dominance condition on p(X) in

Assumption 3. y 7→ c(y) is bounded, hence multiplication by c(y) preserves Donskerness. In addition
to the Donskerness of the function class associated with the DR coefficient process (Assumption 3),
the functional class associated with ΨA

F,X(W ; y) is P -Donsker.

Let Z(W ) :=
(

St

πt
− 1
)
+
(
1{G=g}

pg
− 1
)
. Then ΨB

F,X(W ; y) = −Z(W ) FYt(0)|Gg=1(y). The index y

enters only through the deterministic scalar FYt(0)|Gg=1(y) ∈ [0, 1]. Thus, {w 7→ −Z(w) a : a ∈ [0, 1] }
is a uniformly bounded one-dimensional linear class, hence P -Donsker.

The third summand ΨC
F,X(Wj; y) is cast in the same form as the Ĝk(f) empirical process on page

2224 with the limit in equation 4.2 of Chernozhukov, Fernandez-Val, and Melly (2013) for distribution
regression. It follows from Chernozhukov, Fernandez-Val, and Melly (2013, Theorem 4.1) that the
associated function class of ΨC

F,X(Wj; y) is P -Donsker.
Each of the function classes corresponding to ΨA

F,X(Wj; y), Ψ
B
F,X(Wj; y), Ψ

C
F,X(Wj; y) is P -Donsker,

and P -Donsker classes are closed under finite sums. Therefore the associated class of ΨX,hs
gt (Wj; y) is

P -Donsker.

sup
y∈Y

E
∣∣∣ΨX,hs

gt (W ; y)
∣∣∣2 <∞ under Assumption 5 and Assumption 3-X. Thus, for any arbitrary finite

subset {y1, . . . , yL} ⊂ Y , it follows from the Multivariate Lindeberg–Lévy Central Limit Theorem
that ( 1√

N

N∑
j=1

ΨX,hs
gt (Wj; y1), . . . ,

1√
N

N∑
j=1

ΨX,hs
gt (Wj; yL)

)
converges in distribution to the multivariate normal with the (l, l′)’th entry of the covariance ma-
trix: E

[
ΨX,hs

gt (W ; yl)Ψ
X,hs
gt (W ; yl′)

]
. The P -Donsker property supplies asymptotic equicontinuity, so

the empirical process converges weakly in ℓ∞(Y) to a tight Gaussian process, namely GX,hs
gt , with

covariance kernel ΩX,hs
gt (y1, y2) := E

[
ΨX,hs

gt (W ; y1)Ψ
X,hs
gt (W ; y2)

]
; see Kosorok (2007, Theorem 2.1).
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Part (b): From (S.2) and part (a) above, the following decomposition holds:
√
N
(
D̂TT

X,hs

gt −DTTgt

)
(y)

=
√
N
(
F̂Yt(1)|Gg=1 − FYt(1)|Gg=1

)
(y)−

√
N
(
F̂Y X,hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=
√
N
(
F̂gt − Fgt

)
(y)−

√
N
(
F̂Y X,hs

t (0)|Gg=1 − FYt(0)|Gg=1

)
(y)

=
1√
N

N∑
j=1

{
ψgt(Wj; y)−ΨX,hs

gt (Wj; y)
}
+ op(1)

= :
1√
N

N∑
j=1

ΥX,hs
gt

(
Wj; y

)
+ op(1).

From part (a) above and Lemma 1, conclude using the Donsker and asymptotic-equicontinuity ar-
guments in the proof of part (c) of Theorem 2. The covariance kernel of the limiting process is
ΣX,hs

gt (y1, y2) := E
[
ΥX,hs

gt (W ; y1)Υ
X,hs
gt (W ; y2)

]
.

S.3 Uniform Inference

The results in this section are specialised to (g, t) ∈ G \{∞}× [g : T ]. Results on convex-weighted
DFs, convex-weighted DTTs, and QTTs constructed from convex-weighted DFs follow straightfor-
wardly. Let Î

(1)
gt (y) =

[
L̂
(1)
gt (y), Û

(1)
gt (y)

]
and Î

(0)
gt (y) =

[
L̂
(0)
gt (y), Û

(0)
gt (y)

]
denote joint p-level confidence

bands for FYt(1)|Gg=1(y) and FYt(0)|Gg=1(y), respectively, and let ÎDTT
gt (y) =

[
L̂DTT
gt (y), ÛDTT

gt (y)
]
be

the p-level confidence band for DTTgt. The confidence bands can be constructed using steps 1-5
of Algorithm 1 in Chernozhukov, Fernandez-Val, Melly, and Wüthrich (2019) — see also Cher-
nozhukov, Fernandez-Val, and Melly (2013, Algorithm 3). For the band-inversion step used below,
the estimated DFs and DF-band endpoints are clipped to [0, 1] and monotonised over Y before taking
left inverses. This rearrangement enforces the nondecreasing property required of CDFs for the QF
and QTT construction and is first-order equivalent for the estimated DFs and associated endpoints
under standard rearrangement arguments; see Chernozhukov, Fernandez-Val, and Galichon (2010)
and Chernozhukov, Fernandez-Val, and Melly (2013, p. 2252). The following states the validity of
confidence bands on DFs and DTT.

Result 1 (Coverage of Uniform Confidence Bands on DFs and DTT). Under the conditions of
Theorem 3,

lim inf
N→∞

P
({

FYt(1)|Gg=1(y) ∈ Î
(1)
gt (y)

}⋂{
FYt(0)|Gg=1(y) ∈ Î

(0)
gt (y)

}
∀y ∈ Y

)
≥ p, and

lim inf
N→∞

P
(
DTTgt(y) ∈ ÎDTT

gt (y) ∀y ∈ Y
)
≥ p

by Lemma SA.1(b) in the Supplemental material of Chernozhukov, Fernandez-Val, and Melly (2013).

This paper adopts the band-inversion approach of Chernozhukov, Fernandez-Val, Melly, and
Wüthrich (2019) to conduct uniform inference for QFs and QTT. A crucial ingredient for using the
authors’ results is valid confidence bands on DFs (Result 1). For completeness, theoretical results
from Chernozhukov, Fernandez-Val, Melly, and Wüthrich (2019) are adapted to QFs and QTT.

The confidence bands on the QFs are given by Î
(1)←
gt (τ) =

[
Û

(1)←
gt (τ), L̂

(1)←
gt (τ)

]
and Î

(0)←
gt (τ) =[

Û
(0)←
gt (τ), L̂

(0)←
gt (τ)

]
, τ ∈ (0, 1), respectively, where L̂← and Û← denote the left inverses of L̂ and Û

— see Definition 1. The following definition is essential in deriving the confidence bands of QTTgt.
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Definition 1 (Minkowski Difference). The Minkowski difference between two subsets I and J of a
vector space is I ⊖ J := {i − j : i ∈ I, j ∈ J}. If I and J are intervals [i1, i2] and [j1, j2], then
I ⊖ J = [i1, i2]⊖ [j1, j2] = [i1 − j2, i2 − j1].

Following Chernozhukov, Fernandez-Val, Melly, and Wüthrich (2019), the confidence bands on

QTTgt are given by ÎQTT←
gt (τ) = Î

(1)←
gt (τ)⊖Î(0)←gt (τ) =:

[
L̂QTT
gt (τ), ÛQTT

gt (τ)
]
. The following states the

validity of the band-inverted confidence bands on QFs and QTT à la Chernozhukov, Fernandez-Val,
Melly, and Wüthrich (2019).

Result 2 (Coverage of Uniform Confidence Bands on QFs and QTT). Under the conditions of
Theorem 3,

lim inf
N→∞

P

({
F←Yt(1)|Gg=1(τ) ∈ Î

(1)←
gt (τ),

F←Yt(0)|Gg=1(τ) ∈ Î
(0)←
gt (τ),

QTTgt(τ) ∈ ÎQTT←
gt (τ), ∀τ ∈ (0, 1)

})
≥ p.

This follows by Result 1 and Theorem 2 of Chernozhukov, Fernandez-Val, Melly, and Wüthrich
(2019).

S.4 Simulations

This section conducts two sets of simulation studies to examine the small sample performance of
the distributional DiD estimator and the functional over-identifying restrictions tests.

S.4.1 Estimation and Inference

This simulation study is designed to assess the finite-sample performance of the proposed distri-
butional DiD procedure. Three data-generating processes are considered. The first is an empirical
design, labelled DGP0, which is calibrated directly to the empirical application. The remaining two
designs are stylised benchmark models, one discrete and one continuous.

Under the benchmark designs, the latent outcome is generated as

Ẏi = α +Diβ + tiγ +Ditiδ + Ui,

where Di
i.i.d.∼ Ber(0.5), ti = 1{i > N/2}, Ui is an i.i.d. disturbance, α = 0.1, β = 0.2, γ = −0.1,

and δ = 0. The disturbance Ui is taken to follow either the standard normal distribution or an
asymmetric Laplace distribution. The observed outcome is then defined by

Yi =

{
max{⌈Ẏi + 1⌉, 0}, DGP1,

Ẏi, DGP2.

Hence, DGP1 yields a discrete and censored outcome, whereas DGP2 yields a continuous outcome.
DGP0 is calibrated to the empirical distribution of the outcome variable in Section 5. Let F̂00,

F̂01, and F̂10 denote the empirical CDFs of the outcome for untreated blocks in the pre-treatment
and post-treatment periods, and for treated blocks in the pre-treatment period, respectively. Under
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the null of no treatment effect, the treated post-treatment counterfactual distribution is constructed
using the additive DiD relation under the identity link:

F̂ 0
11(y) = F̂10(y) + F̂01(y)− F̂00(y).

F̂ 0
11(y) is truncated to lie in [0, 1], monotonised over the empirical outcome grid, and normalised so

that its upper endpoint equals one. Simulation draws are then generated from the empirical quantile
functions associated with F̂00, F̂01, F̂10, and the projected version of F̂ 0

11. In this way, DGP0 preserves
the truncated empirical support and the principal distributional features of the application data while
imposing the null hypothesis DTT(y) = 0 for all y ∈ Y .

The designs are calibrated so that there is no treatment effect in the underlying data-generating
process, and hence provide a finite-sample assessment of estimation error, confidence-band coverage,
and sensitivity to the working CDF. DGP0 is useful for assessing performance under an empirically
calibrated discrete design, while DGP1 and DGP2 provide complementary evidence under stylised
discrete and continuous settings. In the latter designs, the comparison across normal, uniform, and
identity links should be interpreted as a robustness exercise for the working-CDF specification rather
than as imposing exact size validity for every link by construction.

Tables S.1 to S.3 report simulation results for DGP0, DGP1, and DGP2, respectively. For DGP1
and DGP2, each panel is characterised by the distribution of U , namely the standard normal or the
Asymmetric Laplace Distribution ALD(0, 1, κ) with κ ∈ {0.1, 0.25, 0.5}. The inclusion of the ALD
cases is useful in examining the performance of the procedure when U is asymmetric. For each table,
sample sizes N ∈ {200, 400, 600, 800, 1000} are considered. For DGP2, the evaluation grid is formed
from the sample quantiles indexed by {τℓ}101ℓ=1, whereas for the discrete designs it is formed from
the realised support after trimming the upper tail as implemented in the simulation code. Results

are summarised by L2(D̂TT) where Lp(F̂) :=
( 1

K

K∑
k=1

|F̂(yk) − F (yk)|p
)1/p

, where K denotes the

number of grid-points used in estimating the function F (·), and the empirical rejection rate of the
10% uniform confidence band for DTT. For each design, 499 non-parametric bootstrap samples are
used within each of the 500 Monte Carlo replications.

Table S.1: DGP0: empirically calibrated discrete design

DiD, Φ - Normal DiD, Φ - Unif. DiD, Φ - Identity CiC

N L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej.

200 0.108 0.144 0.082 0.156 0.084 0.120 0.082 0.168
400 0.066 0.076 0.059 0.108 0.059 0.086 0.069 0.190
600 0.053 0.094 0.049 0.110 0.049 0.094 0.064 0.222
800 0.044 0.080 0.042 0.108 0.042 0.100 0.060 0.230
1000 0.037 0.088 0.036 0.088 0.036 0.086 0.061 0.234

Several patterns emerge from Tables S.1 to S.3. First, the proposed distributional DiD estimator

performs well across all three designs, with L2(D̂TT) generally declining as the sample size increases.
This pattern is evident in the empirically calibrated design as well as in the stylised discrete and
continuous designs, which is consistent with satisfactory finite-sample behaviour.

Secondly, the choice of working CDF matters for finite-sample performance, but the differences
are moderate between the normal and identity links. In contrast, the uniform link tends to exhibit
somewhat higher rejection frequencies, especially in the stylised designs. The identity link performs
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Table S.2: DGP1: stylised discrete design

DiD, Φ - Normal DiD, Φ - Unif. DiD, Φ - Identity CiC

N L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej.

U ∼ ALD(0, 1, 0.10)

200 0.124 0.100 0.105 0.132 0.106 0.094 0.107 0.056
400 0.078 0.066 0.075 0.156 0.075 0.112 0.077 0.072
600 0.064 0.082 0.063 0.158 0.063 0.116 0.067 0.094
800 0.054 0.090 0.054 0.138 0.054 0.102 0.058 0.086
1000 0.048 0.078 0.047 0.114 0.047 0.088 0.053 0.106

U ∼ ALD(0, 1, 0.25)

200 0.111 0.088 0.104 0.162 0.105 0.094 0.113 0.086
400 0.075 0.090 0.075 0.140 0.075 0.080 0.087 0.112
600 0.063 0.108 0.063 0.152 0.063 0.118 0.080 0.180
800 0.053 0.096 0.053 0.130 0.053 0.104 0.076 0.224
1000 0.047 0.094 0.047 0.102 0.047 0.088 0.074 0.260

U ∼ ALD(0, 1, 0.50)

200 0.112 0.100 0.104 0.132 0.105 0.084 0.124 0.132
400 0.076 0.090 0.075 0.138 0.075 0.102 0.104 0.186
600 0.063 0.100 0.062 0.130 0.062 0.106 0.101 0.226
800 0.054 0.094 0.053 0.108 0.053 0.094 0.100 0.324
1000 0.048 0.084 0.047 0.106 0.047 0.092 0.099 0.366

U ∼ N (0, 1)

200 0.118 0.106 0.100 0.158 0.102 0.124 0.210 0.372
400 0.086 0.098 0.071 0.106 0.071 0.098 0.202 0.452
600 0.057 0.094 0.056 0.136 0.056 0.110 0.200 0.480
800 0.050 0.094 0.050 0.104 0.050 0.088 0.202 0.542
1000 0.043 0.088 0.043 0.102 0.043 0.084 0.203 0.552
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Table S.3: DGP2: stylised continuous design

DiD, Φ - Normal DiD, Φ - Unif. DiD, Φ - Identity CiC

N L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej. L2(D̂TT) 10% Rej.

U ∼ ALD(0, 1, 0.10)

200 0.118 0.104 0.109 0.144 0.110 0.104 0.110 0.036
400 0.079 0.044 0.078 0.156 0.078 0.092 0.079 0.058
600 0.065 0.076 0.065 0.180 0.065 0.112 0.066 0.066
800 0.056 0.092 0.056 0.164 0.056 0.106 0.056 0.070
1000 0.050 0.080 0.049 0.130 0.049 0.090 0.050 0.060

U ∼ ALD(0, 1, 0.25)

200 0.118 0.100 0.109 0.146 0.110 0.108 0.110 0.040
400 0.079 0.048 0.078 0.150 0.078 0.090 0.079 0.058
600 0.065 0.076 0.065 0.174 0.065 0.102 0.066 0.064
800 0.056 0.090 0.056 0.160 0.056 0.102 0.056 0.074
1000 0.049 0.074 0.049 0.114 0.049 0.074 0.050 0.060

U ∼ ALD(0, 1, 0.50)

200 0.119 0.114 0.109 0.138 0.109 0.100 0.109 0.046
400 0.079 0.046 0.078 0.156 0.078 0.088 0.079 0.060
600 0.066 0.064 0.065 0.176 0.065 0.112 0.065 0.062
800 0.056 0.090 0.056 0.166 0.056 0.112 0.056 0.080
1000 0.050 0.076 0.049 0.126 0.049 0.078 0.049 0.062

U ∼ N (0, 1)

200 0.120 0.082 0.110 0.168 0.111 0.128 0.111 0.048
400 0.080 0.058 0.079 0.158 0.079 0.124 0.078 0.064
600 0.064 0.060 0.063 0.156 0.063 0.110 0.064 0.052
800 0.056 0.090 0.056 0.156 0.056 0.116 0.056 0.074
1000 0.050 0.074 0.049 0.108 0.049 0.084 0.050 0.058
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competitively throughout and often tracks the normal link closely. In the empirically calibrated
design, all three versions of the proposed estimator deliver similar bias magnitudes, with the uniform
link showing slightly greater over-rejection in some cases.

Finally, the competing Changes-in-Changes (CiC) estimator of Athey and Imbens (2006) performs
comparatively less well in the discrete designs, particularly in DGP0 and DGP1, where rejection
frequencies are often noticeably larger and the L2 error does not improve relative to the proposed
procedure. In the continuous design, by contrast, CiC is more competitive, as might be expected
given its natural suitability for continuous outcomes. Overall, the results suggest that the proposed
distributional DiD estimator is robust across a range of designs, while the identity and normal links
provide the most stable finite-sample performance.

S.4.2 Over-identifying Restrictions Testing

The data-generating process for the over-identifying restrictions test is calibrated directly to the
empirical application and is therefore conditional on the observed data. Let F̂00 and F̂01 denote the
empirical CDFs of the outcome for blocks without police presence in the pre-treatment and post-
treatment periods, respectively, where the pre-treatment period pools months April through June
and the post-treatment period pools months August through December. Likewise, let F̂10 and F̂11

denote the corresponding empirical CDFs for blocks with increased police presence. The support
used in the simulations is the empirical support of the outcome, truncated above at 1.0, and the
associated quantile functions are obtained from these empirical CDFs.

Repeated cross-sections are then simulated for three groups, G ∈ {1, 2, 3}, over one pre-treatment
period, t = 0, and one post-treatment period, t = 1. The treated group, G = 1, is generated from
(F̂10, F̂11). The first control group, G = 2, is generated from (F̂00, F̂01) and therefore satisfies the
null of valid over-identifying restrictions. The second control group, G = 3, is used to introduce a
controlled violation of the null. Its pre-treatment distribution is set equal to that of the valid control
group, namely F̂30 = F̂00, whereas its post-treatment distribution is defined on the empirical grid
{yℓ}Lℓ=1 by

F̂
(η)
31 (yℓ) = (1− η)F̂01(yℓ) + η

ℓ

L
, η ∈ [0, 1].

Hence, when η = 0, one has F̂
(0)
31 = F̂01, so that both control groups satisfy the same untreated

transition and the null holds exactly. As η increases, the post-treatment distribution of group G = 3
is moved progressively away from the empirical benchmark F̂01, thereby generating increasingly
pronounced violations of the functional over-identifying restrictions.

Figure S.1 shows that both the CvM and KS tests have empirical rejection probabilities close
to the nominal level when η = 0, which is consistent with satisfactory size control under the null.
As η increases, the rejection probability rises for both tests, indicating non-trivial power against
departures from the over-identifying restrictions. The increase is gradual for small values of η and
becomes more pronounced for larger deviations from the null. Overall, both statistics display the
expected monotonic power pattern.
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Figure S.1: Power Curves of the functional over-identifying restrictions tests
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Notes: Both the CvM and KS tests are conducted at three nominal levels: 0.01, 0.05, and 0.10. 999 empirical

bootstrap replications are used for each of the 1000 Monte Carlo replications. The reported figure uses the standard

normal link function for both tests.
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